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Abstract

Unsplittable flow problems have long been motivated by computer networking. Today, the most

prominent unsplittable flow problem in networking is the minimum congestion problem in data-center

networks. These networks are typically built after Clos networks, which have the key property that

there is always a routing with congestion at most 1. That is, if the demands are limited by the edge

capacities to the network, then they can always be routed such that they are not limited by the edge

capacities inside the network. In this sense, Clos networks acts as a macro-switch connecting all sources

to all destinations. However, this property is premised splitting flow arbitrarily, which is unrealistic.

Thus, a natural question arises: if unsplittable flow is required, then do Clos networks still enjoy the

same properties as they do for splittable flow? Or, more specifically: are there always low-congestion

routings with unsplittable flow provided that low-congestion routings with splittable flow exist?

In this paper, we present the first non-trivial results on the minimum congestion unsplittable flow

problem in data-center networks. First, we show that for some sets of commodities the minimum con-

gestion is at least 3/2, and, furthermore, that it is NP -hard to approximate the minimum congestion

by a factor less than 3/2. That is, with unsplittable flow, Clos networks do not acts as a macro-switch.

Second, in our main result, we present a polynomial-time algorithm that guarantees a congestion of at

most 9/5 for any set of commodities, while also providing a 9/5 approximation of the minimum conges-

tion. Notably, this algorithm breaks through the barrier of 2 for congestion and approximation implicit

in existing heuristics. Last, shifting to the online setting, we demonstrate that no online algorithm

(deterministic or randomized) can approximate the minimum congestion by a factor less than 2, thus

establishing a strict separation between the offline and the online settings.
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1 Introduction

Unsplittable flow problems are a classic family of combinatorial optimization problems. The input to an

unsplittable flow problem consists of: a (directed or undirected) graph G = (V,E) with edge capacities

{c(e)}e∈E , c(e) ∈ R+
, and a set F of commodities, each commodity f ∈ F characterized by a source-

destination pair (s(f), t(f)) and a demand d(f), s(f), t(f) ∈ V and dem(f) ∈ R+
. A solution is a

single-path routing for the commodities, that is, an assignment from each demand f to a single s(f)−t(f)
path P (f) on which dem(f) demand is routed. In this paper, we are interested in the minimum congestion

problem with unsplittable flow, where the objective is to minimize the maximum congestion on any edge.

The congestion γ(e) of a edge is the maximum factor by which the total demand routed through that

edge exceeds the edge capacity, γ(e) :=
∑

f∈F :e∈P (f)
dem(f)/c(e). While with splittable flow the minimum

congestion problem is just the maximum concurrent flow problem and can be solved in polynomial time [1],

with unsplittable flow the problem becomes NP-hard.

Despite being significantly more difficult than its splittable counterpart, the minimum congestion prob-

lem with unsplittable flow is well understood. In general graphs, an early and famous application of ran-

domized rounding yields an O (logn/log logn)-approximation ratio [2] (where n = |V |), whereas a more re-

cent and powerful application in the bounded path length setting yields an O (log l/log log l)-approximation

ratio [3] (where l is the maximum length of any source-destination path). Conversely, there are graphs

for which the integrality gap matches the O (logn/log logn)-approximation ratio [4], and it is hard to ap-

proximate the minimum congestion by a factor smaller than Θ(logn/log logn) under standard complexity

assumptions [5]. In order to break through these lower bounds, the problem has been investigated in sev-

eral special classes of graphs [6–10] and several special classes of demands [11–13]. For example, constant

factor approximations have been shown for ring graphs [6–8], and single-source demands [11, 12].

While these are important results, the original motivation for studying unsplittable flow problems

comes from problems in computer networking where practical considerations require flow to be unsplit-

table. These problems included the virtual circuit problem [14, 15], the routing and wavelength prob-

lem [16–18], and the wire routing problem in VLSI design [19]. Today, the most relevant unsplittable flow

problem in networking is the minimum congestion problem in data-center networks [20–25]. These net-

works are often built as Clos networks with uniform link capacities [25–30], and flow is unsplittable since

implementing flow splitting requires extensive modifications to existing transport protocols and remains

unverified in large-scale [25, 29–34].

Definition 1.1 ( [35, 36]). A (unfolded) Clos network CN,R is parameterized by positive integers N and R,
and designates the directed graph G = (V,E) with the following vertex and edge sets (see Figure 1a).1

• Vertex set. The vertices V are partitioned into 5 layers V1 through V5. In V1 (respectively V5), there
are N × R vertices, and each vertex is a source (destination) and is denoted by sji (t

j
i ), i ∈ [R] and

j ∈ [N ]. The vertices in V1∪V5 are also called servers. In V2 (respectively V4), there areR vertices, and
each vertex called an input (output) switch and is denoted by Ii (Oi), i ∈ [R]. The vertices in V2 ∪ V4

are also called Top-of-Rack (ToR) switches. In V3, there are N vertices, and each vertex called a middle

switch and is denoted byMm,m ∈ [N ].

• Edge set. The edges E are from Vi to Vi+1 for all i ∈ {1, 2, 3, 4}. For all sources sji ∈ V1, there is an
edge sji Ii, and for all destinations tji ∈ V5, there is an edge Oit

j
i . There are complete bipartite graphs

1

In practice, data-center networks are built as folded Clos networks, where we start from an unfolded Clos network and

then fold it around the middle switches to get a new directed graph (see Figure 1b). The sources and destinations with the

same indexation correspond to the same physical server, and, similarly, the input and output switch with the same indexation

correspond to the same physical ToR switch. For ease of exposition, we assume unfolded Clos networks throughout the paper,

with all results carrying over from unfolded to folded Clos networks.
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(a) A unfolded Clos network with R = 4 input (output) switches, and
N = 2 middle switches.

(b) A folded Clos network with R = 4
input (output) switches, and N = 2 middle
switches.

Figure 1: A unfolded and a folded Clos network. Circles symbolize servers, and squares symbolize switches.
For easy of exposition, we assume unfolded Clos networks, with all results carrying over to folded Clos networks.

between V2 and V3 and between V3 and V4: for all Ii ∈ V2 and Mm ∈ V3, there is an edge IiMm, and
for allMm ∈ V3 and Oi ∈ V4, there is an edgeMmOi.

Therefore,N designates the number of servers per ToR switch, which equals the number of middle switches,
and R the number of input (output) switches.

The input to the minimum congestion problem in data-center networks consists of: a Clos network

with unit edge capacities, and a set of doubly sub-stochastic demands, meaning that each source sends

at most unit demand and each destination receives at most unit demand,

∑
f∈F :s(k)=sji

dem(f)≤1 and∑
f∈F :t(f)=tji

dem(f)≤1 for all i∈[R] and j∈[N ]. In other words, the demand leaving a source or entering

a destination is limited by the capacity of the edge leaving that source or entering that destination. While

this assumption limits the minimum congestion, it is easy to show via a simple scaling argument that it

implies no loss of generality concerning its approximation: if there is a ρ-approximation algorithm for the

problem when the demands are doubly sub-stochastic, then there is also a ρ-approximation algorithm for

when they do not.

Despite its practical importance, the minimum congestion problem in data-center networks is only fully

understood for splittable flow: the minimum congestion is at most 1, and can be found in polynomial time

by dividing the flow of each demand uniformly over all source-destination paths [23]. This unit conges-

tion carries a special significance: if the minimum congestion is at most 1, then a Clos network emulates

a single switch connecting all sources to all destinations, or a macro-switch [20, 27, 37–39]. We say that

a Clos network emulates a macro-switch if any demands achievable in the macro-switch are also achiev-

able in the network. A macro-switch is a highly desirable abstraction, since it black boxes the inside of a

network from a performance modeling standpoint: the demand is limited by the edge capacities leaving

and entering the network, not by those inside the network [37, 40–42]. In fact, it was the ability of Clos

networks to emulate a macro-switch that motivated their widespread adoption in modern data-centers.

However, with unsplittable flow (which is the more realistic setting), the minimum congestion problem

is poorly understood. For permutation demands, meaning that each source sends flow to a single destina-

tion and each destination receives flow from a single source, the minimum congestion is still at most 1
(corresponding to an edge-disjoint routing), and can still be found in polynomial time [36, 43]. In partic-

ular, routing permutation demands with congestion at most 1 equates to edge coloring a bipartite graph

with bounded degree into as many colors, which is ensured by Kőnig’s edge-coloring theorem [44].
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In contrast, for general doubly sub-stochastic demands, no non-trivial result is known. Of course, the

application of randomized rounding to minimizing congestion in general graphs [2] guarantees that the

minimum congestion is at most O (logn/log logn) and can be approximated by a factor of O (logn/log logn).
Moreover, since every source-destination path in a Clos network has length 4, the application of the same

technique in the bounded path length setting improves these factors to O(1), for some large constant.

Finally, several heuristics for routing in Clos networks have been studied in simulation and deployed in

practice [20,21,23,25,45,46]. While these heuristics further improve upon the previous factors, it is easy to

show that they only ensure that the minimum congestion is at most 2 and can be approximated by a factor

of 2. In summary, despite the fact that the main motivation for unsplittable flow is in networking, and

that the most relevant networking problem for unsplittable flow is minimizing congestion in Clos-based

data-center networks, very little is known about unsplittable flow in this special class of graphs.

In light of this mismatch, we ask the following fundamental questions concerning the existence and

efficient computation of minimum congestion routings with unsplittable flow in Clos networks:

Does unsplittable flow have the same properties as splittable flow in Clos networks? In particular:

(Q1) Is the minimum congestion with unsplittable flow at most 1 for all sets of doubly sub-stochastic com-
modities? If not, how close to 1 is it?

(Q2) Is the minimum congestion with unsplittable flow computable in polynomial-time? If not, how well can
it be approximated?

2 Summary of Results and Techniques

We present the first non-trivial results on the minimum congestion problem with unsplittable flows in

data-center networks. In all results, we assume commodities are doubly sub-stochastic. First, we answer

the questions Q1 and Q2 in the negative: unsplittable flow does not act the same as splittable flow in Clos

networks. In particular, we prove that there are sets of commodities for which the minimum congestion is

at least 3/2, and, furthermore, that it is NP-hard to approximate the minimum congestion by a factor smaller

than 3/2. Second, as our main result, we give a new algorithm that returns a routing with congestion at

most 9/5 for all sets of commodities while also approximating the minimum congestion by a factor at most

9/5. In other words, we show that, while Clos networks fail to emulate a macro-switch (thus contradicting

the original motivation for their widespread deployment), there are approximation algorithms that at least

achieve relatively low congestion. Notably, our algorithm achieve lower (worst-case) congestion than

either the current theoretical state of the art or the current heuristics used in practice.

A related setting that is relevant in practice is the online setting, where the commodities are revealed

one at a time and each commodity must be routed irrevocable before receiving the next one. In this setting,

we prove that no online (deterministic or randomized) algorithm can have competitive ratio less than 2.

Combined with our offline upper bound, this implies a strict separation between the offline and the online

settings: while in the offline our new algorithm approximates the minimum congestion by a factor less

than 9/5, in the online no algorithm can approximate it by a factor less than 2.

While our results concern Clos networks with five layers, which are the simplest and most studied

members of this special class of graphs and thus the natural starting point for this investigation, hyper-

scale data-centers are often built using Clos networks with seven or more layers. Therefore, we close by

briefly discussing how our results carry over to Clos networks with an arbitrary number of layers.
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(a)The funnel gadget without routing. (b) A minimum congestion routing for the funnel gadget.

Figure 2: The funnel gadget underlying the lower bounds in the offline setting in a Clos network with N = 3
middle switches. Lines symbolize commodities from source to destination.

2.1 Offline: Lower Bounds on Congestion and Approximation

As discussed in Section 1, a fundamental property of Clos networks is that, if demands are integral (and

thus form a permutation due to the assumption of double sub-stochastic demands), then the minimum

congestion is at most 1 and a minimum congestion routing can be found in polynomial time [36, 43]. In

contrast, we show that as soon as the demands become half-integral, the minimum congestion can be 3/2
and a minimum congestion routing cannot be found in polynomial time.

Theorem 2.1. In a Clos network, there is a set of commodities with demand 1 or 1/2 for which the minimum
congestion is 3/2.

Theorem2.2. For a set of commodities with demand 1 or 1/2 in a Clos network, decidingwhether theminimum
congestion is at most 1 is NP-complete.

The latter theorem implies a hardness of approximation result.

Corollary 2.3. No polynomial-time algorithm can approximate the minimum congestion in a Clos network
by a factor less than 3/2 unless P = NP .

The key idea for proving both theorems is a set of commodities with flow 1 that we call a funnel gadget.
In a Clos network with N middle switches, the funnel gadget funnels commodities from N input switches

to N−1 output switches; specifically, it maps each of N−1 commodities leaving each input switch to

a different output switch (see Figure 2a). The funnel gadget has the property that, in any routing with

congestion 1, the middle switch to which no commodity is assigned is different for each input switch;

consequently, any additional commodities leaving each of the input switches are assigned to different

middle switches (see Figure 2b). In the first theorem, the funnel gadget is used to construct a new set of

commodities for which no routing with congestion 1 exists by adding commodities with flow 1/2 from each

of the input switches to an extra output switch such that all middle switches are blocked. In the second

theorem, the funnel gadget is used to establish a reduction from the 3-edge coloring problem.

2.2 (Main Result) Offline: Upper Bound via a New Routing Algorithm

As also discussed in Section 1, the best known upper bound on the minimum congestion and its approx-

imation by a polynomial-time algorithm is 2, and it is obtained from the analysis of existing heuristics. As

our main result, we design a new algorithm that provides the first non-trivial upper bounds on congestion

and approximation, breaking through the barrier of 2 implicit in prior work.
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(a) The commodities without routing. The blue commod-
ity has demand 1, whereas the orange commodities have
demand ϵ, for some small ϵ > 0.

(b)The routing returned by the Melen-Turner algorithm for
the commodities. The orange commodities are divided uni-
formly divided over the middle switches.

Figure 3: A worst-case instance for the Melen-Turner algorithm in a Clos network withN=2middle switches.

Theorem 2.4. There is a polynomial-time algorithm that in a Clos network returns a routing with congestion
at most 9/5 for all sets of commodities, and approximates the minimum congestion by a factor of at most 9/5.

To achieve this property, our algorithm combines the following two heuristics in a new way.

(1) The Melen-Turner algorithm [47] yields a routing for the demands satisfying the following property:

for every ToR switch, the demands incident to that switch between the heaviest and the N -th heav-

iest are assigned to different middle switches, those between the N+1-th heaviest and the 2N -th

heaviest are assigned to different middle switches, and so on. The algorithm attains this property

by first considering a new Clos network where there are multiple copies of each ToR switch, and

mapping the commodities to copies of its switches such that, for every ToR switch, the commodities

incident to that switch between the heaviest and the N -th heaviest are mapped to the first copy,

those between the N+1-th heaviest and the 2N -th heaviest are mapped to the second copy, and

so on. Critically, the demands in the new network form a permutation. Then, the algorithm finds

a edge-disjoint routing for the commodities in the new network, which equates to a routing in the

original network with the desired property.

(2) The Sorted-Greedy algorithm [20] sorts the commodities in decreasing order of their demands and

assigns each demand to a path of minimum congestion; the congestion of a path is the maximum

demand flow routed on any of its edges.

On the one hand, the pitfall of the Melen-Turner algorithm is that it evenly splits low demand com-

modities over all middle switches without accounting for the presence of high demand commodities. In

Figure 3, there is a single commodity with demand 1, and multiple commodities with demand ϵ, for some

arbitrary small ϵ > 0, such that their total demand is N−1. Clearly, there is a routing with congestion 1.

However, the algorithm uniformly distributes the commodities with demand ϵ over the middle switches,

such that their total demand traversing each edge is N−1/N . Consequently, the congestion of the left edge

traversed by the commodity with demand 1 is 1 + N−1/N , which approaches 2 as N grows large.

On the other hand, the pitfall of the Sorted-Greedy algorithm is that it fails to route high demand com-

modities according to a edge-disjoint routing. In the Figure 4, there are four commodities with demand 1.

Consider the commodities in increasing order of their indices, and tie-breaking among the middle switches

in favor of that with the lowest index. Clearly, there is again a routing with congestion 1. However, the

algorithm assigns commodities f1 and f2 to the first middle switch, and the commodity f3 to the second

middle switch. Consequently, the congestion of the right edge traversed by the commodity f4 is 2.
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(a) The commodities without routing. The index of each
commodity is annotated next to its source. All commodities
have demand 1.

(b) The routing returned by the Sorted-Greedy algorithm
for the commodities.

Figure 4: Aworst-case instance for the Sorted-Greedy algorithm in a Clos network withN=2middle switches.

These examples suggest that the high demand commodities should be distributed as uniformly as pos-

sible over the middle switches, as in the Melen-Turner algorithm, but the low demand commodities should

be routed on paths that in the aftermath have low congestion, as in the Sorted-Greedy algorithm. There-

fore, the key idea of our algorithm is that, by carefully interpolating between these two algorithms, we

can mitigate their pitfalls, and thus arrive at a better bound than they achieve individually.

Our algorithm routes a set of commodities in two phases bridged by a threshold on the congestion

of each phase. In the first phase, a subset of the commodities is routed via the Melen-Turner algorithm

with congestion at most the threshold. In the second phase, the remaining commodities are routed via the

Sorted-Greedy algorithm without increasing the congestion beyond the threshold. By setting the threshold

to 9/5, the algorithm returns a routing with congestion at most 9/5.
As defined, our algorithm returns a routing with congestion at most 9/5, but fails to approximate the

minimum congestion by a factor of 9/5. The reason is that the minimum congestion is not known a priori:

if we knew the minimum congestion, then the algorithm could be easily fixed by setting the threshold

to 9/5 times the minimum congestion. Standard guess-and-double techniques would allow us to “guess”

the minimum congestion accurately enough to achieve a 9/5 + ϵ approximation in poly(n, log 1/ϵ) time.

However, it is possible to modify our algorithm to achieve a true 9/5-approximation via a more nuanced

bridging of the two phases. The key idea is, in the first phase, to route via the Melen-Turner algorithm a

subset of the commodities, which critically includes all those with demand at least 1/3 times the minimum

congestion (despite not knowing the minimum congestion), with congestion at most 9/5 times a suitable

lower bound on the minimum congestion (rather than its unknown value). Consequently, in the second

phase, it possible to route the remaining commodities via the Sorted-Greedy algorithm without increasing

congestion beyond 9/5 times the minimum congestion.

2.3 Online: Lower Bounds on Congestion and Approximation

In the offline setting, we have repeatedly mentioned that a fundamental property of Clos networks is

the existence of a routing with congestion 1 for all sets of commodities with integral demands [43]. On

the contrary, in the online setting, we establish that no deterministic algorithm can ensure this property.

Furthermore, we prove that randomizing the routing choices does not help.

Theorem 2.5. For every online algorithm (deterministic or randomized), there is a sequence of commodities
with demand 1 for which the congestion of the algorithm is at least 2.

This theorem implies a lower bound on the competitive ratio of any online algorithm.
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(a) Sequence X . (b) A minimum congestion routing for X .

(c) Sequence Y . (d) A minimum congestion routing for Y .

Figure 5: The two sequences of commodities underlying the lower bound in the online setting in a Clos network
with 3 middle switches. The sequences are denoted by X = (X1, X2) and Y = (Y1, Y2), with X1 = Y1 and
X2 ̸= Y2, where subsequence X1 consists of two commodities (I1, O1) (in orange) and two commodities
(I2, O2) (in green),X2 of two commodities (I1, O2) (in blue), and Y2 of two commodities (I3, O1) (in purple)
and two commodities (I3, O2) (in black).

Corollary 2.6. No online algorithm (deterministic or randomized) can have competitive ratio less than 2.

The proof of the theorem is divided into two parts, the former showing the result for deterministic

algorithms, and the latter generalizing it for randomized algorithms. The first part designs two sequences

of commodities that agree in their prefixes but disagree in their suffixes (see Figure 5). The key property

of the sequences is that in a routing with congestion 1 the routing of their common prefix differs; thus,

any deterministic algorithm that returns a routing with congestion 1 for one sequence returns a routing

with congestion 2 for the other. The second part designs 2S supersequences consisting of S independent

sequences, each corresponding to one of the previous sequences, for someS linear in the numberR of input

(output) switches. Therefore, from the key property of the sequences, any deterministic algorithm returns

a routing with congestion 2 for at least 2S−1 supersequences; thus, the expected congestion of an optimal

deterministic algorithm when supersequences are chosen uniformly at random over the 2S supersequences

is at least 2−1/2s. Then, the theorem follows from the application of Yao’s Minimax Principle [48, 49].

These lower bounds are complemented by the fact that the Unsorted Greedy algorithm yields an upper

bound of 3 on congestion and approximation, as it easy to show.
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2.4 Clos networks with arbitrary number of layers

The construction of a Clos network can be generalized to an arbitrary number of layers. At a high

level, a Clos network with 2K + 3 layers, henceforth called a K-Clos network, K>1, corresponds to a

Clos network with 5 layers where each middle switch is replaced by a Clos network with 2K + 1 layers.

(See Appendix A for a formal definition.) It is not hard to see that our lower bounds of 3/2 on congestion

and approximation in 1-Clos networks carry over to K-Clos networks. Intuitively, the reason is that at

best each of the (K−1)-Clos networks connecting input to output switches in a K-Clos network acts as

a middle switch of a 1-Clos network. On the other hand, our upper bounds of 9/5 do not carry over to

K-Clos networks. This is somewhat less intuitive, but the reason is that the natural generalization of our

algorithm would yield a routing where the demands that form the input to the (K−1)-Clos networks are

no longer doubly sub-stochastic.

Similarly to 1-Clos networks, there are no non-trivial upper bounds on congestion and approxima-

tion known for K-Clos networks. Since every source-destination path in a K-Clos network has length

2K+2, the application of randomized rounding in the bounded path length setting [3] yields upper bounds

of O(logK/log logK). In practice, however, data-center operators typically want to deploy heuristics that,

despite possibly having worst performance guarantees, are simpler to implement and understand. We

show that it is possible to get the best of both worlds by establishing that the natural generalization of the

Melen-Turner algorithm [47] yields O(logK) congestion and approximation in K-Clos networks.

Proposition 2.7. The natural generalization of the Melen-Turner algorithm in a K-Clos network returns a
routing with congestion at most O(logK) while approximating the minimum congestion by a factor of at
most O(logK) for all sets of commodities.

Proving either super-constant lower bounds or designing an algorithm that achieves a constant-factor

approximation in K-Clos networks is an attractive open question that is left to future work.

2.5 Roadmap

In Section 3, we review related work. In Section 4, we present a formal description of the minimum

congestion routing problem with unsplittable flow in data-center networks. In Section 5, we design and

analyze the new routing algorithm. In Sections 6 and §7 we prove the lower bounds on congestion and

approximation in the offline and online settings, respectively. In Section 8, we conclude the paper and dis-

cuss open questions. In Appendix A, we analyze the natural generalization of the Melen-Turner algorithm

to Clos networks with an arbitrary number of layers.

3 Related Work

Minimizing congestion in Clos networks. Chiesa, Kindler, and Schapira [23] also investigate the

minimum congestion problem with unsplittable flows in Clos networks. However, their setting differs from

ours in that they assume that the graph modeling a data-center network is the undirected graph obtained

from a folded Clos network (see Figure 1b) by replacing the two edges with uniform capacity between

pairs of vertices in consecutive layers with a single edge with twice the capacity. Since in almost every

wired network deployed data transmission is independent between the two directions of a link [50–53],

our model is the more accurate representation of a data-center network.

As a result of their modeling choice, their results are more pessimistic than ours. First, they show that

with integer demands the question of deciding whether there is a routing with congestion at most 1 is

NP -complete, and thus conclude that it is NP -hard to approximate a minimum congestion routing by a

factor less than 2; in our model, it is known that this problem is in P [43], and our new algorithm shows
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that the minimum congestion can be approximated by a factor of 9/5. Second, they give a local-search

algorithm that, while there is a commodity and a path such that re-assigning that commodity to that path

decreases the congestion of the routing, re-assigns the commodity; in our model, it can be shown that their

algorithm approximates a minimum congestion routing by a tight factor of 3.

Multirate rearrangeability in Clos networks. The multirate rearrangeability problem with unsplit-

table flow in Clos networks is the closest problem to the minimum congestion problem. The setting consists

of: a Clos network whose number of servers per ToR and of input (output) switches is fixed, but whose

number of middle switches is variable; and a set of commodities with doubly sub-stochastic demands. The

goal is to find a routing with congestion at most 1 while minimizing the number of middle switches used.

The best known algorithm is given by Khan and Singh [54], and establishes that it is possible to route

every set of commodities with congestion at most 1 using at most ⌈20/9N⌉ middle switches, where N is

the number of sources per input switch. The algorithm fixes ⌈20/9N⌉ middle switches, and routes a set of

commodities in two phases. The first phase considers a subset of the commodities with demand at least

1/10, and finds an edge-disjoint routing for them. The second phase sorts the commodities in decreasing

order of demands, and assigns each commodity to an arbitrary middle switch for which the congestion does

not exceed 1. Our algorithm draws inspiration from the two-phase approach of this algorithm. The best

known lower bound is given by Ngo and Vu [55], and shows that there are sets of commodities for which

every routing with congestion 1 uses at least ⌈5/4N⌉ middle switches. While the underlying construction

yields a lower bound of 6/5 on worst-case congestion, we improve this bound to 3/2.

4 Problem Setting

We formalize the minimizing congestion routing problem with unsplittable flow in data-center net-

works. The input to the minimum congestion routing problem in a data-center network is: (1) A Clos

network CN,R with unit edge capacities. (2) A set F of commodities. Each commodity f maps to a source-

destination server pair, and a positive demand dem(f). If clear from the context, then a commodity may

be identified by its input-output switch pair. Given a commodity f ∈ F , let i(f) and s(f) be the input

switch and the source server that f leaves, respectively, and j(f) and t(f) be the output switch and the

destination server that f enters, respectively. The demands satisfy the following assumption: the aggregate

demand over all commodities leaving a source and entering a destination is at most 1 (so that if commodi-

ties were arbitrary splittable there would be a routing with congestion 1 for every set of commodities, and

Clos networks could replicate a macro-switch):∑
f∈F :i(f)=i

s(f)=k

dem(f) ≤ 1 and

∑
f∈F :j(f)=i

t(f)=k

dem(f) ≤ 1 for all i ∈ [R], k ∈ [N ].

A solution to the problem is a routing r for the set F of commodities, which is an assignment from

each commodity f to a source-destination path r(f); in fact, since there is a bijection between source-

destination paths and middle switches, a routing is an assignment to a middle switch. An optimal solution

to the problem minimizes over all routings the congestion of each routing; we call it a minimum congestion
routing. The congestion of a routing is the maximum congestion over all edges between ToR and middle

switches, where the congestion of a edge is the total demand over all commodities traversing the edge.

Letting R denote the set of all routings, the congestion of a minimum congestion routing, denoted by

9



(a)The commodities without routing. (b) A minimum congestion routing in the Clos network.

Figure 6: A set of commodities in the Clos network C2,3.

OPT (F), writes:

OPT (F) := min
r∈R

max
i∈[R]
m∈[N ]

max
{ congestion of IiMm︷ ︸︸ ︷∑

f∈F :i(f)=i
r(f)=m

dem(f),

congestion of MmOj︷ ︸︸ ︷∑
f∈F :j(f)=i

r(f)=m

dem(f)
}

︸ ︷︷ ︸
congestion of r

If clear from the context, then the argument F is omitted.

The minimum congestion routing problem is illustrated in Figure 6. In Figure 6a, we show a set of

commodities in the Clos network C2,3 composed of three types of commodities, each identified with a

different color in the figure:

• Type 1 (in blue): There is one commodity (s11, t
1
1) and one commodity (s12, t

2
1), both with demand 1.

• Type 2 (in orange): There is one commodity (s21, t
1
2) and one commodity (s22, t

1
2), both with demand

1/2

• Type 3 (in green): There is one commodity (s23, t
2
2) with demand 1.

In Figure 6b, we show a minimum congestion routing for the commodities. Every edge except for M2O2

is traversed by at most one commodity, and thus has congestion at most 1. Edge M2O2 is traversed by the

type 3 commodity from I3 to O2 and the type 2 commodity from I2 to O2, and thus has congestion 3/2.
Therefore, the routing of the figure has congestion 3/2.

The next theorem formalizes the fundamental property of Clos networks concerning the special case

where the demands form a permutation, meaning that there is at most one commodity leaving each source

and entering each destination. We refer to this theorem repeatedly throughout the remainder of the paper.

Theorem 4.1 ( [43,44]). Consider a Clos networkCN,R. For every set of commodities such that the number of
commodities per source and per destination is at most one, there is a edge-disjoint routing of the commodities,
and one such a routing can be found in polynomial-time.

The backbone of this property is the existence of a bijection between a set of commodites in a Clos

network with N servers per ToR switch and a bipartite multi-graph, and between a routing for these

commodities and an edge-coloring of the bipartite multi-graph usingN colors. The left and right vertex sets

of the bipartite multi-graph corresponds to the input and output switches in the network, each left vertex

corresponding to an input switch and each right vertex to an output switch. The edge set corresponds to

the commodity set, each edge from a left to a right vertex corresponding to a commodity from the related

10



input switch to the related output switch. An edge coloring of the bipartite multi-graph using N colors

corresponds to a routing of the commodities, each edge colored m if and only if the related commodity is

assigned to the m-th middle switch, m ∈ [N ]. Notably, there is a edge-disjoint routing for the commodities

precisely when there is a proper edge-coloring of the bipartite multi-graph using N colors.

5 (Main Result) Offline: Upper Bounds via a New Routing Algorithm

We introduce a new algorithm for the minimizing congestion in Clos networks. In §5.1, we design the

algorithm, and, in §5.2, we analyze it to show that the algorithm approximates a minimum congestion

routing by a factor at most 9/5. A straightforward generalization of the analysis shows that the algorithm

also returns a routing with congestion at most 9/5.

5.1 Designing the Algorithm

The new routing algorithm is presented as Algorithm 1. Given a Clos network CN,R, and a set F of

commodities, the algorithm routes the commodities in two phases. Let 1/Q be a demand, p be an approxi-

mation factor, L be a lower bound on the minimum congestion OPT , all of which are specified in the next

section. In Phase 1, the algorithm finds a routing for a subset of the commodities that includes all com-

modities with demand greater than 1/Q × OPT via a edge-coloring based procedure with congestion at

most p×L. In Phase 2, the algorithm finds a routing for the remaining commodities via a greedy procedure

without increasing congestion beyond p×OPT .

Algorithm 1 The input of the algorithm is a set F of commodities in the Clos network CN,R together with

parameters P and Q, where P is a non-negative real and Q is a positive integer. The output is a routing r
for F . Variable c(IiMm) (c(MmOj)) maintains the congestion of edge IiMm (MmOj).

1: F1 := UpholdProperties(F , P,Q) ▷ Phase 1:
2: r(F1) := EdgeDisjointRouting(F1, CN,R×K))
3: for i ∈ [R], m ∈ [N ] do ▷ Phase 2:
4: c(IiMm) :=

∑
f∈F1:i(f)=i,

r(f)=m

dem(f); c(MmOi) :=
∑

f∈F1:j(f)=i,
r(f)=m

dem(f)

5: end for
6: F2 := F \ F1

7: for j = 1, 2, · · · , |F2| do
8: r(fij ) := argminm∈[N ]max{ c(Ii(fij )Mm), c (MmOj(fij )

)}
9: c(Ii(fij )Mr(fij )

) + := dem(fij ); c(Mr(fij )
Oj(fij )

) + := dem(fij )

10: end for
11: return r

5.1.1 Phase 1

The first phase of the algorithm is divided into two sub-phases. Phase 1.a obtains a new instance of the

problem: a new Clos network, and a subset of the commodities that includes all commodities with demand

greater than 1/Q × OPT mapped to the new network. Phase 1.b routes these commodities with conges-

tion at most P := p×L via an edge-coloring of the bipartite graph corresponding to the new Clos network.

Phase 1.a. The new Clos network is denoted by CN,R×K , with K = ⌈F/N⌉ and F the maximum

number of commodities incident to a ToR switch in the original one. The new network is obtained from
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the original one by creating K copies of each ToR switch. The k’th copy of the i’th input switch is denoted

by Iki , and the l’th copy of the j’th output switch by Ol
j .

The subset of the commodities mapped to the new instance is denoted by F1. Consider that com-

modities in F are indexed in decreasing order of demands, F := {f1, f2, . . . , f|F|} with i ≤ j implying

dem(fi) ≥ dem(fj). The subset F1 is obtained from F and mapped to CN,R×K as follows:

(1) The incidence of the commodities in ToR switches in the original network is respected in the new

network, that is, if a commodity in the original network leaves an input switch Ii and enters an

output switch Oj , then in the new network it leaves a copy of Ii and enters a copy of Oj .

(2) The assignment from commodities to copies of input-output switch pairs in the new network is

such that F1 is a maximal subset of F satisfying the properties P1 through P3; in particular, it is

the maximal such subset returned by the procedure UpholdProperties (line 1 of Algorithm 1). The

properties and the procedure are introduced next.

Properties. Given a commodity f ∈ F1, let k(f) be the copy of its input switch that f leaves, and let

l(f) be the copy of its output switch that f enters. Denote by
+Nk

i the number of commodities in F1

leaving Iki , and by
+Dk

i the maximum demand over all commodities in F1 leaving Iki ,

+Nk
i := |{f ∈ F1 | i(f) = i and k(f) = k}| and

+Dk
i := max

f∈F1:i(f)=i
k(f)=k

dem(f).

Likewise, denote by
−Nk

i the number of commodities in F1 entering Ok
i , and by

−Dk
i the maximum

demand over all commodities in F1 entering Ok
i .

(P1) For all i ∈ [R] and k ∈ [K], +Nk
i ≤ N and

+Nk
i > 0 with k > 1 implies

+Nk−1
i = N . Similarly,

for all i ∈ [R] and k ∈ [K], −Nk
i ≤ N and

−Nk
i > 0 with k > 1 implies

−Nk−1
i = N . In words,

the number of commodities per copy of a ToR switch is at most N , with commodities incident to a

common switch assigned to copies of that switch from the lowest to the highest copy, such that a

commodity is assigned to a higher copy if there are N commodities incident to each of the lower

copies.

(P2) For all fi, fj ∈ F1 such that i(fi) = i(fj) and i ≤ j, k(fi) ≤ k(fj). Similarly, for all fi, fj ∈ F1

such that j(fi) = j(fj) and i ≤ j, l(fi) ≤ l(fj). In words, the assignment of commodities incident

to a common ToR switch to copies of that switch is in non-increasing order of demands.

(P3) For all i ∈ [R], +NQ
i > 0 implies

∑
k∈[K]

+Dk
i ≤ P . Similarly, for all i ∈ [R], −NQ

i > 0 implies∑
k∈[K]

−Dl
k ≤ P . In words, if there are N commodities incident to each of the lowest Q−1 copies

of a ToR switch, then the total demand over the highest demand commodities incident to each of the

copies of that switch is at most P .

The previous properties are illustrated in Figure 7.

Procedure. Given the set F of commodities in CN,R, the procedure UpholdProperties(F , P,Q) re-

turns the posited subset F1. Initially, the set F1 is empty. The procedure tests each commodity in F for

inclusion in F1 in decreasing order of demands. For each i ∈ [ |F| ], the procedure includes fi in F1 if

there are copies k and l such that the assignment of fi to (Iki(fi), O
l
j(fi)

) satisfies properties P1 through P3.

In detail, denote by G ⊆ F1 the set of commodities included in F1 prior to testing fi. Let x be the

lowest copy of Ii(fi) such that the number of commodities in G leaving that copy is strictly less than N ,

12



(a) A set of commodities in the original network. (b)A subset of the commoditiesmapped to the new network.

(c) Routing of the commodities upon Phase 1. (d) Routing of the commodities upon Phase 2.

Figure 7: Algorithm 1 withQ = 3 and P = 5/3 for a set of commodities in the Clos networkC4,3. Commodity
f1 has demand 1 (in blue), commodities f2 through f5 have demand 1/2 (in green), and commodities f6 through
f9 have demand 1/4 (in orange). While the subset of the commodities in the new instance satisfy properties
P1 through P3, the complete set does not: if f9 (in red) is included in the subset, then it must be assigned to
(I31 , O

1
3), in which case, since +N3

i > 0, P3 implies 1 + 1/2 + 1/4 < 5/3. In the end of Phase 1, the minimum
congestion path from I1 to O3 isM4; hence, in Phase 2, commodity f9 is assigned toM4.

x := min{k ∈ [K] |+Nk
i(fi)

< N}. Likewise, let y := min{l ∈ [K] |−N l
j(fi)

< N}. We say that Ii(fi)
accepts fi if it holds that:

x ≥ Q implies

∑
k∈[x−1]

+Dk
i(fi)

+max{+Dx
i(fi)

, dem(fi)} ≤ P ;

and that Ii(fi) rejects fi otherwise. Since commodities are tested in decreasing order of demands, if

+Nx
i(fi)

> 0, then Ii(fi) accepts fi. Likewise, we say that Oj(fi) accepts fi if it holds that:

y ≥ Q implies

∑
l∈[y−1]

−Dl
j(fi)

+max{−Dy
j(fi)

, dem(fi)} ≤ P ;

and that Oj(fi) rejects fi otherwise. Commodity fi is included in F1 if its accepted by both Ii(fi) and Oj(fi),

in which case it is assigned to (Ixi(fi), O
y
j(fi)

).
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Phase 1.b. The commodities in F1 are routed in the original network according to a edge-disjoint

routing in the new network (line 2 of Algorithm 1). Since the number of commodities incident to a copy of

a ToR switch is at most the number N of middle switches, there is one such routing in the new network,

and it can be found in polynomial time (see Theorem 4.1).

The routing of F1 assigns the commodities incident to a common copy of a ToR switch to different

middle switches, with at most K commodities incident to that ToR switch assigned to the same middle

switch. Therefore, the maximum congestion over all edges incident to a ToR switch is at most the total

demand over the highest demand commodities incident to each copy of that switch. If there are N com-

modities incident to each of the lowest Q− 1 copies of a ToR switch, then this congestion is at most P . In

the analysis of the next section, Q is set such that the total demand over the highest demand commodities

incident to the first Q − 1 copies of a ToR switch is also at most P , so that the congestion of the routing

of F1 is at most P .

5.1.2 Phase 2

The second phase of the algorithm routes each commodity not routed in Phase 1. The subset of the

commodities not routed in Phase 1 is denoted by F2 := F \ F1. Consider that the commodities in F2

are indexed in decreasing order of demands, F2 := {fi1 , fi2 , . . . fi|F2|
} with ij ∈ [ |F| ] and ij ≤ ij+1

for all j ∈ [ |F2| − 1]. Initially, the congestion of each edge is the total demand over all commodities in

F1 routed through that edge (line 4). The algorithm routes each commodity in F2 in decreasing order of

demands. For each j ∈ [ |F2| ], the algorithm routes fij on a path whose congestion is minimum, breaking

ties arbitrarily (line 8). Then, the algorithm updates the congestion of that path (line 9). The execution of

Algorithm 1 is illustrated in Figure 7.

5.2 Analyzing the Algorithm

Define the lower bound L on the optimal congestion OPT as follows:

L := max
i∈[R]

max{+Li,
−Li},

where

+Li := max
{

max
f∈F :i(f)=i

dem(f), 1/N ×
∑

f∈F :i(f)=i

dem(f)
}

and

−Li := max
{

max
f∈F :j(f)=i

dem(f), 1/N ×
∑

f∈F :j(f)=i

dem(f)
}
.

In words, OPT is at least the highest demand over all commodities leaving Ii (entering Oi), and at least the

total demand over all commodities leaving Ii (entering Oi) averaged over the number of middle switches;

if flow were arbitrarily splittable, then the latter term would correspond to the congestion of each edge

leaving Ii (entering Oi) in the minimum congestion routing that divides the demand of each commodity

uniformly over all source-destination paths.

The next theorem shows that, if P is set to 9/5 × L and Q to 3, then the algorithm approximates a

minimum congestion routing by a factor at most 9/5.

Theorem 5.1. Fix p := 9/5 and q := 3. For every set F of commodities, if Algorithm 1 sets P = p × L and
Q = q, then it returns a routing with congestion at most p×OPT .
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Preliminaries to the proof of Theorem 5.1. The proof of the theorem makes use of the additional

properties of the set F1 of commodities routed in Phase 1 detailed in the next lemma. Denote by
+dki the

minimum demand over all commodities in F1 leaving Iki ,

+dki := min
f∈F1:i(f)=i

k(f)=k

dem(f).

Likewise, denote by
−dki the minimum demand over all commodities in F1 entering Ok

i .

Lemma 5.2. The set F1 of commodities satisfies the following additional properties:

(Q1) Assume that p ≥
∑

k∈[q−1]
1/k. For all i ∈ [R],

∑
k∈[K]

+Dk
i ≤ p × OPT . Similarly, for all j ∈ [R],∑

l∈[K]
−Dl

j ≤ p×OPT . In words, the congestion of the routing of F1 is at most p×OPT .

(Q2) For all f ∈ F , dem(f) > 1/q × OPT implies f ∈ F1. In words, every commodity with demand
greater than 1/q ×OPT is routed in Phase 1.

(Q3) Assume that there is f ∈ F2 such that Ii(f) rejected f when it was tested in Phase 1. Then,
∑

k∈[K]
+dki(f) >

(p − 1) × L. Similarly, assume that there is f ∈ F2 such that Oj(f) rejected f when it was tested in
Phase 1. Then,

∑
l∈[K]

−dlj(f) > (p− 1)× L. In words, if there is a commodity not routed in Phase 1,
then, assuming that it was rejected by its input switch, every edge incident to that switch has congestion
greater than (p− 1)× L.

The proof of the lemma requires two preparatory claims. Since the proofs of the statements in the

lemma and in the preparatory claims are analogous for both input and output switches, they are given

only for input switches.

Claim 5.3. For all i ∈ [R] and all positive integers k, the number of commodities f ∈ F such that i(f) = i
and dem(f) > 1/k × OPT is at most N × (k − 1). Similarly, for all j ∈ [R] and all positive integers l, the
number of commodities f ∈ F such that j(f) = j and dem(g) > 1/l ×OPT is at most N × (l − 1).

Proof. Assume, by contradiction, that the number of commodities f ∈ F such that i(f) = i and dem(f) >
1/k×OPT is at least N×(k−1)+1. Then, for every routing of these commodities, there is a middle switch

to which at least k commodities are assigned. Therefore, since the demand of each of these k commodities

is strictly greater than 1/k ×OPT , we conclude that the congestion a minimum congestion routing for F
is strictly greater than OPT , thus arriving at a contradiction.

Claim 5.4. For all f ∈ F1, dem(f) ≤ 1/k(f) ×OPT . Similarly, for all f ∈ F1, dem(f) ≤ 1/l(f) ×OPT .

Proof. Assume, by contradiction, that there is f ∈ F1 such that dem(f) > 1/k(f) × OPT . From P1, we

know that
+Nk

i = N for all k ∈ [k(f)−1], and, from P2, that, for all commodities g ∈ F1 such that i(g) =
i(f) and k(g) < k(f), dem(f) > 1/k(f) ×OPT . Therefore, we conclude that the number of commodities

g ∈ F such that i(g) = i(f) and dem(g) > 1/k(f) ×OPT is at least N × (k(f)− 1) + 1. However, from

Claim 5.3, we know that this number is at most N × (k(f)− 1), thus arriving at a contradiction.

Proof of Lemma 5.2. We show that each of the properties Q1 through Q3 is satisfied.
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Property Q1: From P3, we know that
+N q

i = 0 or

∑
k∈[K]

+Dk
i ≤ p × L. If

+N q
i = 0, then, from

Claim 5.4, we write:∑
k∈[K]

+Dk
i =

∑
k∈[q−1]

+Dk
i

≤
∑

k∈[q−1]

1/k ×OPT (from Claim 5.4)

≤ p×OPT (from the assumption on p).

If
+N q

i ̸= 0, then we write: ∑
k∈[K]

+Dk
i ≤ p× L

≤ p×OPT.

In both cases, we conclude that

∑
k∈[K]

+Dk
i ≤ p×OPT .

Property Q2: Assume, by contradiction, that dem(f) > 1/q×OPT but f ∈ F2. Denote by G ⊆ F1 the

set of commodities included in F1 prior to testing f . From P1 and P3,
+Nk

i(f) = N for all k ∈ [q − 1], or

−N l
j(f) = N for all l ∈ [q − 1]. Assume, without loss of generality, that

+Nk
i(f) = N for all k ∈ [q − 1].

Since commodities are tested in non-increasing order of demands, we conclude that the number of com-

modities g ∈ G such that i(g) = i(f) and dem(g) > 1/q × OPT is at least N × (q − 1) + 1. However,

from Claim 5.3, we know that this number is at most N × (q − 1), thus arriving at a contradiction.

Property Q3: Denote by G ⊆ F1 be the set of commodities included in F1 prior to testing f , and by x
the lowest copy of Ii(f) such that the number of commodities in G leaving that copy is strictly less than

N . From P2 and P3, we write:

∑
k∈[K]

+dki(f) ≥
∑

k∈[x−2]

+dki(f) +
+dx−1

i(f)

≥
∑

k∈[2,x−1]

+Dk
i(f) +max{+Dx

i(f), dem(f)} (from P2)

=
∑

k∈[x−1]

+Dk
i(f) +max{+Dx

i(f), dem(f)}

︸ ︷︷ ︸
>p×L, since Ii(f) rejected f

−+D1
i(f)

> (p− 1)× L, (from P3)

to conclude that

∑
k∈[K]

+dki(f) > (p− 1)× L.

Proof of Theorem 5.1. The proof of the theorem is by contradiction. By choice of p and q, p ≥
∑

k∈[q−1]
1/k.

Consequently, from Q1, we know that the congestion of the routing for F1 is at most p×OPT . Consider

the iteration in Phase 2 when a commodity f ∈ F2 is routed. Assume, without loss of generality, that

Ii(f) rejected f when it was tested in Phase 1. Denote by H the set of commodities routed in Phase 1 or

in previous iterations in Phase 2. We say that a edge IiMm (MmOj) is congested if the aggregate demand
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over all commodities in H routed through IiMm (MmOj) is greater than D := p×OPT − dem(f),∑
h∈H:i(h)=i(f),

and r(h)=r(f)

dem(h) > D
( ∑
h∈H:i(h)=i(f),

and r(h)=r(f)

dem(h) > D
)
,

and that a path IiMmOj is congested if at least one of IiMm and MmOj are congested. Assume, by

contradiction, that Ii(f)MmOj(f) is congested for all m ∈ [N ].
The derivation of the contradiction makes use of the next two claims. LetC be the number of congested

edges leaving Ii(f).

Claim (i): D satisfies D ≥ (p− 1/q)×OPT . From Q2, we write

D ≜ p×OPT − dem(f)

≥ p×OPT − 1/q ×OPT

= (p− 1/q)×OPT. ◁

Claim (ii): C satisfies C > N × (1− 1
p−1/q ). From the assumption that Ii(f)MmOj(f) is congested for

all m ∈ [N ], we know that if Ii(f)Mm is not congested, then MmOi(f) is congested, and we deduce that∑
h∈H:j(h)=j(f)

dem(h) > (N − C)×D ⇔ C > N − 1

D

∑
h∈H:j(h)=j(f)

dem(h).

Then, from Claim (i), we write

C > N − 1

D
×

∑
h∈H:j(h)=j(f)

dem(h)

≥ N − 1

(p− 1/q)×OPT
×

∑
h∈H:j(h)=j(f)

dem(h)

≥ N × (1− 1

p− 1/q
). ◁

The contradiction follows from the forthcoming lower bound on the total demand over all commodities

in H leaving Ii(f). From Q3 and the previous claims, we write∑
h∈H:i(h)=i(f)

dem(h) > C ×D + (N − C)× (p− 1)× L

= N × L× (p− 1) + C × (D − (p− 1)× L)

≥ N × L× (p− 1) + C × (D − (p− 1)×OPT )

> N × L× (p− 1) +N ×OPT × (1− 1

p− 1/q
)(1− 1/q)

≥
∑

h∈H:i(h)=i(f)

dem(h)× (p− 1 + (1− 1

p− 1/q
)(1− 1/q)).

By setting p ≜ 9/5 and q ≜ 3, we write

p− 1 +
(
1− 1

p− 1/q

)(
1− 1/q

)
= 167/165

to conclude that∑
h∈H:i(h)=i(f)

dem(h) >
∑

h∈H:i(h)=i(f)

dem(h).
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The proof of the previous theorem can be generalized to show that, if P and Q are set as before, then

not only does the algorithm approximate the minimum congestion by a factor at most 9/5, but it also re-

turns a routing with congestion at most 9/5. This generalization only involves introducing the preparatory

Claim 5.5 analogous to Claim 5.3, and replacing the term OPT with the term min{OPT, 1} everywhere

in the analysis.

Claim 5.5. For all i ∈ [R] and all positive integers k, the number of commodities f ∈ F such that i(f) = i
and dem(f) > 1/k is at mostN × (k− 1). Similarly, for all j ∈ [R] and all positive integers l, the number of
commodities f ∈ F such that j(f) = j and dem(f) > 1/l is at most N × (l − 1).

Proof. From the assumption that the total demand over all commodities leaving a source is at most 1,

we know that, for all s ∈ [N ], the number of commodities f ∈ F such that i(f) = f , s(f) = s, and

dem(f) > 1/k is at most k − 1. Therefore, the number of commodities f ∈ F such that i(f) = f and

dem(f) > 1/k is at most N × (k − 1).

Theorem 5.6. Fix p := 9/5 and q := 3. For every set F of commodities, if Algorithm 1 sets P = p × L and
Q = q, then it returns a routing with congestion at most p×min{OPT (F), 1}.

6 Offline: Lower Bounds on Congestion and Approximation

We present lower bounds on worst-case congestion and approximation of minimum congestion rout-

ings in Clos networks by polynomial-time algorithms. In §6.1, we show that there are sets of commodities

for which the congestion of a minimum congestion routing is at least 3/2, and in §6.2, we show that it is

impossible for any polynomial-time algorithm to approximate a minimum congestion routing by a factor

less than 3/2 unless P = NP .

The funnel gadget. The building block of the constructions yielding the posited lower bounds is the

following set of commodities. The funnel gadget of size N , for some integer N ≥ 2, illustrated in Figure 8a

for N = 3, corresponds to the set of commodities in the Clos network CN,N where for each of the N input

switches there are N − 1 commodities with demand 1 leaving that input switch and entering each of the

first N − 1 output switches:

• There is one commodity (sji , t
i
j) with demand 1, for all i ∈ [N ] and j ∈ [N − 1].

The key property of the funnel gadget, detailed in the next lemma, is that there is a unique routing with

congestion 1 (modulus the numbering of the middle switches), which assigns the commodities incident to

a common ToR switch to different middle switches, and does not assign a commodity to a different middle

switch at each input switch.

(a)The funnel gadget without routing. (b) Elemental routing of the funnel gadget.

Figure 8: The funnel gadget of size N = 3.
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Lemma 6.1. Consider the funnel gadget of size N . For every routing with congestion 1, the following prop-
erties hold:

(1) For all i ∈ [N ], theN − 1 commodities leaving Ii are assigned toN − 1 different middle switches, and,
for all j ∈ [N − 1], the N commodities entering Oj are assigned to N different middle switches.

(2) For all i1, i2 ∈ [N ] such that i1 ̸= i2, the middle switch to which no commodity leaving Ii1 is assigned
differs from the middle switch to which no commodity leaving Ii2 is assigned.

Proof. The first property follows from the fact that all commodities have demand 1. We show that the

second property holds. First, since the N commodities entering each of the first N−1 output switches are

assigned toN different middle switches, we deduce that each middle switch is assignedN−1 commodities.

Second, since the N−1 commodities leaving each of the N input switches are assigned to N−1 different

middle switches, we further deduce that for each middle switch the N−1 commodities assigned to it leave

N−1 different input switches. Therefore, if there are two input switches Ii1 and Ii2 , i1 ̸= i2, and a middle

switchMm such that no commodity leaving Ii1 is assigned toMm and no commodity leaving Ii2 is assigned

to Mm, then there are at most N − 2 commodities assigned to Mm, which contradicts the existence of

N − 1 commodities assigned to Mm.

Therefore, all routings of the funnel gadget with congestion 1 reduce to the routing described below

and illustrated in Figure 8b for N = 3.

• The commodity (sji , t
i
j) is assigned to Mm+1, where m = i + j − 2 (mod N), for all i ∈ [N ] and

j ∈ [N − 1].

We call this routing the elemental routing for the funnel gadget.

6.1 Limits to Congestion

If all commodities have demand 1, in which case there is at most one commodity per source and per

destination, then for every set of commodities there is a routing with congestion 1. (This is a corollary of

Theorem 4.1.) In contrast, the next theorem shows that if this premise is relaxed such that each commodity

has demand 1 or 1/2, in which case there are at most two commodities per source and per destination, then

there are now sets of commodities for which every routing has congestion greater than 1.

Theorem 6.2. Consider a Clos network CN,R, forN ≥ 2 and R ≥ N +1. There is a set of commodities with
demands 1 or 1/2 for which the congestion of a minimum congestion routing is 3/2.

Proof of Theorem 6.2. We design a set of commodities in the Clos network CN,N+1 composed of com-

modities with demand 1 or 1/2 for which every routing has congestion at least 3/2. Since increasing the

number of input and output switches from N + 1 to R does not change the number of source-destination

paths from the first N+1 input switches to the first N+1 output switches, if a set of commodities satisfies

the theorem requirements in the network CN,N+1, then the same set also satisfies them in the network

CN,R. Consequently, the conclusion follows.

Designing the set of commodities: The posited set of commodities, illustrated in Figure 9a for N =
3, is composed of three types of commodities:

• The type 1 commodities (in blue) correspond to the funnel gadget of size N .

• Type 2 (in orange): There is one commodity (sNi , t
⌈i/2⌉
N ) with demand 1/2, for all i ∈ [N ].
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• Type 3 (in green): There is one commodity (sNN+1, t
N
N ) with demand 1.

Calculating a minimum congestion routing: We show that the congestion of a minimum conges-

tion routing is 3/2. The proof involves two steps. The first step shows that there exists a routing with

congestion 3/2. The posited minimum congestion routing is described below and illustrated in Figure 9b

for N = 3.

• The type 1 commodities are assigned according to the elemental routing for the funnel gadget.

• The type 2 commodity (sNi , t
⌈i/2⌉
N ) is assigned to Mm+1, where m = i− 2 (mod N), for all i ∈ [N ].

• The type 3 commodity is assigned to MN .

Every edge except for MNON is traversed by at most one commodity, and thus has congestion at most 1.

Edge MNON is traversed by both the type 2 commodity leaving I1 and the type 3 commodity, and thus

has congestion 3/2. Therefore, the routing has congestion 3/2.
The second step shows that there is no routing with congestion less than 3/2. First, from Lemma 6.1, we

know that every routing of the type 1 commodities with congestion less than 3/2 reduces to the elemental

routing for the funnel gadget, and thus assume that the type 1 commodities are routed according to it.

Then, we distinguish two cases, which assert that every subsequent routing of the type 2 and the type 3

commodities lead to congestion at least 3/2, thereby concluding the proof.

• Case 1: If for all i ∈ [N ] the type 2 commodity leaving Ii is assigned to the middle switch to which

no type 1 commodity leaving Ii is assigned to, then the N type 2 commodities are assigned to N
different middle switches (as in Figure 9b). Consequently, the type 3 commodity is assigned to the

same middle switch than some type 2 commodity, in which case the routing has congestion 3/2.

• Case 2: Otherwise, there is i ∈ [N ] such that the type 2 commodity leaving Ii is assigned to the same

middle switch than some type 1 commodity leaving Ii, in which case the routing has congestion at

least 3/2.

6.2 Limits to Approximation

If all commodities have demand 1, then for every set of commodities a routing with congestion 1 can

be found in polynomial-time. (This is again a corollary of Theorem 4.1.) In contrast, the theorem below

shows that if this premise is again relaxed such that each commodity has demand 1 or 1/2, then it becomes

impossible to distinguish in polynomial-time between a routing with congestion at most 1 and a routing

with congestion at least 3/2. Consequently, the theorem implies that it is impossible to approximate a

minimum congestion routing by a factor less than 3/2.

(a)The commodities without routing. (b) A minimum congestion routing for the commodities.

Figure 9: The set of commodities underlying the proof of Theorem 6.2 for N = 3 and R = 4.
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Theorem 6.3. For special case of the minimum congestion routing problem in Clos networks where com-
modities have demand 1 or 1/2, the question of deciding if there is a routing with congestion at most 1 is
NP -complete.

Proof of Theorem 6.3. We introduce a reduction from the 3-edge coloring problem, which is known to be

NP -complete [56], to the question of deciding if there is a routing with congestion at most 1 for commodi-

ties whose demands are 1 or 1/2. In the 3-edge coloring problem, the input is an undirected graph whose

maximum vertex degree is 3. The question is to decide if there exists a proper edge-coloring, meaning an

assignment from edges to colors such that no two adjacent edges are assigned the same color, using at

most 3 colors.

Description of the reduction: Consider an input graph G = (V (G), E(G)) to the 3-edge coloring

problem, with vertices indexed from 1 to |V (G)|, V (G) = {v1, v2, . . . , v|V (G)|}, and edges indexed from

1 to |E(G)|, E(G) = {e1, e2, . . . , e|E(G)|}. For each vertex vk ∈ V (G), let rankvk be an arbitrary ranking

of the neighbors of vk, such that rankvk(vl) ∈ {1, 2, 3} denotes the ranking of a neighbor vl of vk. We

construct an instance of the minimum congestion routing problem from G. The construction is illustrated

in Figure 10 for a particular input graph.

The Clos network is denoted by C3,3|V (G)|+|E(G)|. The ToR switches are divided into |V (G)| vertex

blocks and |E(G)| edge blocks, with the k’th vertex block corresponding to input switches I3(k−1)+1

through I3(k−1)+3 and output switches O3(k−1)+1 through O3(k−1)+3, k ∈ [ |V (G)| ], and the m’th edge

block corresponding to input switch I3|V |+m and output switch O3|V |+m, m ∈ [ |E(G)| ].
The set of commodities is denoted by F(G), and is composed of three types of commodities:

• For each vertex vk ∈ V (G), there is a set of vertex commodities (in blue) in the k’th vertex block

corresponding to the translation of the funnel gadget of size 3 to that block.

• For each edge em = {vk, vl} ∈ E(G), there are two edge commodities in the m’th edge block (in

black): one commodity (s13|V (G)|+m, t13|V (G)|+m) with demand 1, and one commodity (s23|V (G)|+m,

t23|V (G)|+m) with demand 1.

• For each edge em = {vk, vl} ∈ E(G), there is one incident commodity from the k’th vertex block

to the m’th edge block, and one incident commodity from the l’th vertex block to the m’th edge

block (in pink): one commodity (s33(k−1)+rankvk
(vl)

, t33|V (G)|+m) with demand 1/2 and one commodity

(s33(l−1)+rankvl
(vk)

, t33|V (G)|+m) with demand 1/2.

The objective of the construction is to establish the following correspondence between a routing of

F(G) and an edge-coloring of G. Given a routing of F(G) with congestion 1, the routing of the incident

commodities in F(G) yields a proper edge-coloring of G using at most 3 colors; conversely, given a proper

edge-coloring of G using at most 3 colors, the coloring yields a routing of the incident commodities in

F(G) that can be extended to a routing of F(G) with congestion 1. The next lemma paves the way for

this correspondence by identifying the properties met by the routing of the incident commodities in a

routing of F(G) with congestion 1.

Lemma 6.4. For every routing of F(G) with congestion 1, the routing of the incident commodities satisfies
the following properties:

(P1) For every edge em ∈ E(G), the two incident commodities entering the m’th edge block are assigned to
the same middle switch.

(P2) For every vertex vk ∈ V (G), each of the incident commodities leaving the k’th vertex block is assigned
to a different middle switch.
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(a) Input graph G to the 3-edge
coloring problem.

(b) Input commodities F(G) to the minimum congestion
routing problem.

Figure 10: The reduction underlying the proof of Theorem 6.3 for a particular input graph. The vertex com-
modities in the 2’nd, 3’rd, and 4’th vertex blocks are not shown. The coloring of the different types of com-
modities in F(G) is unrelated to the edge coloring in G.

If there is a routing of the incident commodities in F(G) satisfying the previous properties, then there is a
routing of F(G) with congestion 1.

Proof. To show the first part, suppose that there is a routing of F(G) with congestion 1. We prove that the

first property. Since the routing assigns the two edge commodities entering the m’th edge block to two

different middle switches, we conclude that the two incident commodities are assigned to the remaining

middle switch. We now prove that the second property. From Lemma 6.1, we known that the routing

does not assign a vertex commodity to a different middle switch at each input switch in the k’th vertex

block. Therefore, we conclude that the incident commodities leaving the k’th vertex block are assigned to

different middle switches.

To show the second part, suppose that there is a routing of the incident commodities inF(G) satisfying

both properties. We prove that it can be extended to a routing of F(G) with congestion 1. From the first

property, the two edge commodities in the m’th edge block can be routed with congestion 1 if assigned

to the two remaining middle switches. From the second property, the vertex commodities leaving the k’th

vertex block can be routed with congestion 1 if assigned according to the elemental routing of the funnel

gadget (upon the appropriate numbering of the middle switches). The conclusion follows.

Correctness of the reduction: We show that there is a routing of F(G) with congestion 1 if and

only if there is a proper edge-coloring of G using at most 3 colors.

(⇒) Suppose that there is a routing of F(G) with congestion 1. Consider the edge-coloring of G using

at most 3 colors obtained from the routing where, for each edge em ∈ E(G), edge em is assigned color c
if the two incident commodities entering the m’th edge block are assigned to middle switch Mc, for some

c ∈ {1, 2, 3}. From the first part of Lemma 6.4, since the routing of the incident commodities meets the

first property, we deduce that the posited coloring is well-defined, and, since the routing of the incident
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commodities meets the second property, we further deduce that it is proper, to conclude that there is a

proper edge-coloring of G using at most 3 colors.

(⇐) Suppose that there is a proper edge-coloring of G using at most 3 colors. Consider the routing of

the incident commodities in F(G) obtained from the coloring where, for each edge em ∈ E(G), the two

incident commodities entering them’th edge block are assigned to middle switchMc if em is assigned color

c, for some c ∈ {1, 2, 3}. By construction, we deduce that the posited routing of the incident commodities

meets the first property, and, since the coloring is proper, we further deduce that it meets the second

property, to conclude from the second part of Lemma 6.4 that there is a routing of F(G) with congestion 1.

7 Online: Lower Bounds on Congestion and Approximation

We present lower bounds on the worst-case congestion and approximation of minimum congestion

routings in Clos networks by online algorithms. An online algorithm is presented with a sequence of

commodities. A deterministic online algorithm defines a routing for every sequence of commodities that

satisfies the following property: for all prefixes P of a sequence F of commodities, the routing for P
when the algorithm is given P equals the routing for P when the algorithm is given F . A randomized
online algorithm defines a probability distribution over the set of all deterministic algorithms; a randomized

algorithm with a single-point distribution reduces to a deterministic algorithm.

In §7.1, we show that, for any deterministic online algorithm, there is a sequence of commodities for

which, while the congestion of a minimum congestion routing is 1, the congestion of the routing returned

by the algorithm is at least 2. In §7.2, we generalize the previous result from any deterministic online

to any randomized online algorithm. These results implies that it is impossible for any online algorithm,

randomized or deterministic, to approximate a minimum congestion routing by a factor less than 2.

7.1 Limits to Deterministic Online Algorithms

In this section, we assume that all commodities have demand 1, meaning that there is at most one com-

modity per source and per destination. Under this assumption, the congestion of a minimum congestion

routing is 1 for every set of commodities. In contrast, the theorem below shows no deterministic online

algorithm can avoid returning a routing with congestion at least 2 for some sequence of commodities.

Theorem7.1. Consider a Clos networkCN,R, forN ≥ 2 andR ≥ 3. For every deterministic online algorithm,
there is a sequence of commodities with demand 1 for which the congestion of the routing returned by the
algorithm is at least 2.

Proof of Theorem 7.1. We design two sequences of commodities in the Clos network CN,3 composed

of commodities with demand 1 for which every deterministic online algorithm returns a routing with

congestion at least 2 for at least one of the sequences. As in the proof of Theorem 6.2, if a sequence of

commodities satisfies the theorem requirements in the network CN,3, then the same sequence satisfies

them in the network CN,R.

Designing the sequences of commodities. The posited sequences are denoted by X = (X1, X2)
and Y = (Y1, Y2), and are illustrated in Figure 11 for N = 4 and R = 3. Each of the sequences consists of

one subsequence followed by another, with the sequences agreeing on the prefix, X1 = Y1, and disagreeing

on suffix, X2 ̸= Y2. The arrival order among the commodities within a subsequence is arbitrary, and each

commodity is identified by its input-output switch pair (with each commodity incident to a common ToR

switch incident to a different server of that switch).

23



(a) Sequence X . (b) Edge-disjoint routing of X .

(c) A minimum congestion routing for X . (d) A minimum congestion routing for Y .

Figure 11: The sequences of commodities underlying Theorem 7.1 for N = 4.

• Subsequence X1 consists of N/2 commodities (I1, O1) (in orange), and N/2 commodities (I2, O2)

(in green).

• Subsequence X2 consists of N/2 commodities (I1, O2) (in blue).

• Subsequence Y2 consists of N/2 commodities (I3, O1) (in pink) and N/2 commodities (I3, O2) (in

black).

The key property of sequences X and Y , detailed in the next lemma, is that, although X1 = Y1, for any

edge-disjoint routing of X and any edge-disjoint routing of Y , the routing of X1 in the former differs from

the routing of X1 in the latter. Consequently, if the prefix of a given sequence is X1 and the suffix is either

X2 or Y2, then any deterministic online algorithm must choose between one of the previous routings of

X1 without knowing in advance whether X1 will be followed by X2 or by Y2, such that the algorithm fails

to returns a edge-disjoint routing for at least one of X and Y , as formalized in the final proof step.

Lemma 7.2. Let M be the set of all middle switches in the Clos network, M := {Mi | i ∈ [N ]}. For every
edge-disjoint routing of sequence X , it holds that:

(P1) Each of the N/2 commodities (I1, O1) is assigned to a different middle switch from a setN of N/2middle
switches; likewise, each of the N/2 commodities (I2, O2) is assigned to a different middle switch from
the same set N .

For every edge-disjoint routing of sequence Y , it holds that:
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(P2) Each of the N/2 commodities (I1, O1) is assigned to a different middle switch from a setN of N/2middle
switches; oppositely, each of the N/2 commodities (I2, O2) is assigned to a different middle switch from
the setM\N .

Therefore, no routing of X1 can satisfy both properties.

Proof. To show the first statement, consider an arbitrary edge-disjoint routing ofX . Since theN commodi-

ties leaving I1 are spread over all N middle switches, a middle switch is assigned a commodity (I1, O1)
precisely when it is not assigned a commodity (I1, O2); similarly, since the N commodities entering O2

are spread over all N middle switches, a middle switch is assigned a commodity (I2, O2) precisely when

it is not assigned a commodity (I1, O2). Therefore, each of the N/2 middle switches to which a commodity

(I1, O1) is assigned is also assigned a commodity (I2, O2), thus proving the first statement.

To show the second statement, consider now an arbitrary edge-disjoint routing of Y . Following the

same argument as above, a middle switch is assigned a commodity (I1, O1) precisely when it is not assigned

a commodity (I3, O1), and a middle switch is assigned a commodity (I3, O2) precisely when it is not

assigned a commodity (I3, O1); consequently, a middle switch is assigned a commodity (I1, O1) precisely

when it is assigned a commodity (I3, O2). Since a middle switch is assigned a commodity (I3, O2) precisely

when when it is not assigned a commodity (I2, O2), each of the N/2 middle switches to which a commodity

(I1, O1) is not assigned assigned a commodity (I2, O2), thus proving the second statement.

Calculating the congestion of a deterministic algorithm. Consider an arbitrary deterministic

online algorithm. We show that the algorithm fails to return a edge-disjoint routing for at least one of X
and Y , to conclude that it returns a routing with congestion at least 2 for at least one of them. Let r be

the routing returned by the algorithm for prefix X1. We distinguish two cases, depending on whether r
satisfies property P1 in Lemma 7.2.

# Case 1: Suppose that r satisfies property P1, in which case r does not satisfy property P2. Then, we

deduce that the algorithm returns a routing for Y that does not property P2, which means that the

routing for Y is not edge-disjoint.

# Case 2: Suppose that r does not satisfy property P1. Then, we deduce that the algorithm returns a

routing for X that does not satisfy property P1, which means that the routing for X is not edge-

disjoint.

7.2 Limits to Randomized Online Algorithms

The previous theorem does not preclude the possibility that a randomized online algorithm can avoid

with non-negligible probability returning a routing with congestion greater than 2 for every sequence of

commodities. The next theorem refutes this possibility.

Theorem 7.3. Consider a Clos networkCN,R, forN ≥ 2 andR ≥ 3. For every randomized online algorithm,
there is a sequence of commodities with demand 1 for which the expected congestion of the routing returned
by the algorithm is at least 2− 1/2S , where S = ⌊R/3⌋.

Proof of Theorem 7.3. The proof of the theorem makes use of Yao’s Minimax Principle, which is recalled

below in the context of the minimum congestion routing problem in Clos networks. Let S be the set

of all sequences of commodities, and A be the set of all deterministic algorithms. Given a probability

distribution p over S and a probability distribution q over A , denote by Sp the random sequence drawn

from p, and byAq the randomized algorithm drawn from q. We writeE[Aq(S)] for the expected congestion

of Aq for a sequence S , and E[A(Sp)] for the expected congestion of a deterministic algorithm A for Sp.
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Lemma 7.4 (Yao’s Minimax Principle [48, 49]). For every randomized algorithm Aq and every random se-
quence Sp, there is a sequence S of commodities for which the expected congestion of Aq for S is at least the
expected congestion of the optimal deterministic algorithm for Sp:

max
S∈S

E[Aq(S)] ≥ min
A∈A

E[A(Sp)].

Therefore, we design a random sequence based on the sequences X and Y introduced earlier for which

the expected congestion of an optimal deterministic algorithm for that random sequence is at least 2−1/2S .

Designing the random sequence of commodities. The posited random sequence is denoted by

Sp and is drawn from the uniform distribution p over the following set of 2S sequences. The set of 2S

sequences is denoted by { Si | i ∈ [2S ] }, with Si := (Sj
i | j ∈ [S] ). Consider that the ToR switches are

divided into S blocks, with the j’th block designating input switches I3(j−1)+1 through I3(j−1)+3 and

output switches O3(j−1)+1 through O3(j−1)+3, j ∈ [S]. Denote by Xj and Yj , respectively, the translation

of X and Y to the j’th block. Each of the 2S sequences Si is composed of S subsequences, with each of

the subsequences Sj
i equal to Xj or Yj . The arrival order among the subsequences within a sequence is

arbitrary. Let < bj(i) | j ∈ [S] > be the binary representation of an integer i ∈ [0, 2S−1].

• If bj(i− 1) = 0, then Sj
i = Xj ; otherwise, Sj

i = Yj , for all i ∈ [2S ] and j ∈ [S].

The key property of the set { Si | i ∈ [2S ] }, detailed in the next lemma, is that no online deterministic

algorithm can return a edge-disjoint routing for more than one sequence in the set. Consequently, every

deterministic online algorithm returns a routing with congestion at least 2 for at least 2S−1 of the 2S

sequences, as formalized in the final proof step.

Lemma 7.5. Every deterministic online algorithm returns a edge-disjoint routing for at most one sequence in
the set {Si | i ∈ [2S ]}.

Proof. We show that for every pair of sequences in the set {Si | i ∈ [2S ]} no deterministic online algorithm

can return a edge-disjoint routing for both sequences. Consider an arbitrary deterministic online algorithm

and two sequences Si1 ,Si2 ∈ {Si | i ∈ [2S ]} such that Si1 ̸= Si2 , meaning that Sj
i1
̸= Sj

i2
for some j ∈ [S].

From Lemma 7.2, the algorithm cannot return a edge-disjoint routing for both Sj
i1

and Sj
i2

, implying that

it cannot return a edge-disjoint routing for both Si1 and Si2 .

Calculating the expected congestion of a deterministic algorithm. Consider an arbitrary deter-

ministic online algorithm A. From Lemma 7.5, we write

E[A(Sp)] ≥
1

2S
× 1 + (1− 1

2S
)× 2

= 2− 1

2S
,

to deduce that the expected congestion of an optimal deterministic algorithm for Sp is at least 2−1/2S .

Consequently, from Yao’s Minimax Principle, we conclude that for every randomized algorithm there is a

sequence of commodities for which the expected congestion is at least 2−1/2S .

Corollary 7.6. Consider a Clos network CN,R, for N ≥ 2 and R ≥ 3. For every c < 2 − 1/2S , where
S = ⌈R/3⌉, there is no c-approximation randomized online algorithm for the minimum congestion routing
problem in Clos networks.

It not hard to show that, if every commodity has demand 1, then the Unsorted-Greedy algorithm returns

a routing with congestion at most 2, and thus approximates a minimum congestion routing by a factor of

2. Hence, in this special case, the lower bound of Corollary 7.6 is tight.
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8 Conclusion

At the heart of the operation of data-centers is solving a minimum congestion routing problem of

unsplittable flows. We investigated this problem in Clos networks, the family of graphs underlying most

data-centers, and established that the worst-case congestion of a minimum congestion routing and its

approximation-factor by a polynomial-time algorithm are between 3/2 and 9/5, thus showing that Clos

networks fail to closely emulate a macro-switch. The key idea for the lower bounds was the introduction

of a set of flows called a funnel gadget, whereas that for the upper bounds was the design of a new routing

algorithm that interpolates between two known heuristics. We leave open the question of closing this gap.

While the analysis of our new algorithm can be improved, arriving at the 3/2 factor, which we believe is

the tight factor, should require new techniques. We further proved that the worst-case congestion of a

minimum congestion routing and its approximation-factor by an online algorithm are between 2 and 3,

deferring the problem of narrowing this gap to future work.

The main takeaway from these results is that, if Clos networks wish to emulate a macro-switch, then

routing must be coupled with additional degrees of freedom. We point two such degrees available at the

technological forefront of data-centers, and put forward the question of investigating if they allow worst-

case congestion close to 1. First, most applications are hosted in virtual machines, and cloud providers can

choose in which servers to place each virtual machine [37–39,57]. Accordingly, an idea is to jointly assign

these virtual machines to servers and route the flows between them. Second, while arbitrary flow splitting

is unrealistic, several proposals already support a limited degree of splittability [32,58]. Therefore, another

idea is to jointly route flows and divide their demands over a small number of paths.

While our investigation was premised on Clos networks with five layers, hyper-scale data-center of-

ten built their data-center networks after Clos networks with seven or more layers. It is easy to see that

the lower bounds of 3/2 on the minimum congestion and its approximation-factor by a polynomial-time

algorithm carry over to Clos with an arbitrary number of stages, whereas the upper bounds yield by our

new algorithm do not. More interestingly, it is not obvious how to raise these lower bounds away from

3/2, which motivates the following open question: is the minimum congestion in Clos network with arbi-

trary number of layers and its approximation factor by a polynomial time algorithm is at most a constant

(independent of the number of layers)?

A The Generalized Melen-Turner Algorithm

We show that the generalization of the Melen-Turner algorithm to Clos networks with an arbitrary

number of layers yields a routing with congestion at most logarithmic in the number of layers (up to

constant factors) while approximating the minimum congestion by that same factor. In Section A.1, we

review the construction of a Clos network with an arbitrary number of layers. In Section A.2, we present

the natural generalization of the Melen-Turner algorithm to a Clos network with an arbitrary number of

layers, and, in Section A.3, we analyze the algorithm to show the posited result.

A.1 Clos Networks with an Arbitrary Number of Layers

The construction of a Clos network can be generalized to an arbitrary number of layers. A Clos network

with 2K + 3 layers, for some positive integer K , is called a K-Clos network, and is defined below. The

main body of this paper investigates the minimum congestion problem in 1-Clos networks. The key idea

is that, whereas in a 1-Clos network the R input switches are connected to the R output switches via N
middle switches, in a K-Clos network the R input switches are connected to the R output switches via

N parallel (K−1)-Clos networks with R/N input and output switches. In other words, a K-Clos network

corresponds to a 1-Clos network where each middle switch is replaced by a (K−1)-Clos network.
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(a) The Clos network C1
4,2, whose input

and output switches are linked by 2 middle

switches.

(b) The Clos network C2
8,2, whose input and output switches are

linked by 2 parallel Clos networks C1
4,2

Figure 12: A 5-layer and a 7-layer Clos network. The colored boxes in the 7-stage Clos network represent

the middle switches that the underlying 5-stage Clos networks seek to emulate.

Definition A.1 ( [35,36]). AK-Clos networkCK
N,R is parameterized by positive integersK ,N , andR, where

R is a multiple ofNK , and designates the directed graph with the following vertex and edge sets (see Figure 12).

• Vertex set. The vertices V are partitioned into 2K + 3 layers V1 through V2K+3. In V1 (respectively
V2K+3) there are N ×R vertices, and each vertex is a source (destination) and is denoted by sj1i1 (tj1i1 ),
where j1 ∈ [N ] and i1 ∈ [R]. For all k ∈ [2,K + 1], in Vk (respectively V2K+4−k) there are R
vertices, and each vertex is called an input (output) switch and is denoted by Ij2,...,jkik

(Oj2,...,jk
ik

), where
jl ∈ [N l−2], l ∈ [2, k], and ik ∈ [R/Nk−2]. In VK+2, there are R/NK−1 vertices, and each vertex is called
a middle switch and is denoted byM

j2,...,jK+1

iK+2
, where jl ∈ [N l−2], l ∈ [2,K + 1], and iK+2 ∈ [N ].

• Edge set. The edgesE are from Vi to Vi+1 for all i ∈ [2K+2]. For all sources sj1i1 ∈ V1, there is an edge
sj1i1 I

1
i1
, and, for all destinations tji ∈ V2K+3, there is an edge O1

i1
tj1i1 . For all k ∈ [2,K], for all input

switches Ij2,...,jkik
∈ Vk and I

j2,...,jk+1

ik+1
∈ Vk+1, there is an edge I

j2,...,jk
ik

I
j2,...,jk+1

ik+1
if ik (mod R/Nk−1) =

ik+1, and, for all output switches O
j2,...,jk+1

ik+1
∈ V2K+3−k and Oj2,...,jk

ik
∈ V2K+4−k, there is an edge

O
j2,...,jk+1

ik+1
Oj2,...,jk

ik
if ik (mod R/Nk−1) = ik+1. There are complete bipartite graphs between VK+1 and

VK+2 and between VK+2 and VK+3: for all I
j2,...,jK+1

iK+1
∈ VK+1 and M

j2,...,jK+1

iK+1
∈ VK+2, there is an

edge Ij2,...,jK+1

iK+1
M

j2,...,jK+1

iK+2
, and for allM j2,...,jK+1

iK+2
∈ VK+2 and O

j2,...,jK+1

iK+1
∈ VK+3, there is an edge

M
j2,...,jK+1

iK+2
O

j2,...,jK+1

iK+1
.

Given a Clos network CK
N,R, the sub-network Cj2,...,jk designates the sub-graph of CK

N,R induced by

the set of all vertices in Vk through V2K+4−k whose superscript is prefixed with j2, . . . , jk. In particular,

the sub-networks Cj2,j3
are called direct sub-networks. In the context of the minimum congestion problem,

a routing r for a set F of commodities is now an assignment from each flow in the set to a sequence
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consisting of K − 1 sub-networks Cj2,j3 , Cj2,j3,j4 , . . . , Cj2,j3,j4,...,jK+1
with common prefix followed by a

middle switch M
j2,j3,j4,...,jK+1

iK+2
.

A.2 Designing the Algorithm

The Melen-Turner algorithm can be generalized from 1-Clos to K-Clos networks. The idea is to use

recursion: first, the Melen-Turner algorithm (from 1-Clos networks) is applied to the input commodities

in the K-Clos network to divide the commodities over its direct sub-networks; then, the algorithm recurs

on the commodities in each of the direct sub-networks.

The algorithm, called the Generalized Melen-Turner Algorithm, is detailed in Algorithm 2. The input

is a set F of commodities in a Clos network CK
N,R, and the output is a routing r for these commodities.

First, interpreting the network CK
N,R as the network C1

N,R such that the i-th direct sub-network of CK
N,R

corresponds to the i-th middle switch of CK
N,R, the algorithm applies the Melen-Turner algorithm (from 1-

Clos networks) to F in CK
N,R. The routing of each commodity is updated by adding the direct sub-network

of CK
N,R that the Melen-Turner algorithm assigns that commodity to. Second, if K = 1, then the algorithm

terminates. Otherwise, the algorithm calls the recursion on each of the direct sub-networks of CK
N,R. For

all i ∈ [N ], the set F i
of commodities that form the input to C1,i

corresponds to the set of commodities

that the Melen-Turner algorithm assigned to C1,i
, with their input and output switches mapped from CK

N,R

to C1,i
: the commodities leaving input switch I1j in CK

N,R leave input switch I1j (mod R/N) in C1,i
, and those

entering output switch O1
j in CK

N,R enter output switch O1,i
j (mod R/N) in C1,i

.

Algorithm 2 The generalized Melen-Turner algorithm for approximating a minimum congestion routing

for a set F of flows in a Clos network CK
N,R. In the initial call of the algorithm, the routing r corresponds

to a empty assignment for each commodity.

1: function GeneralizedMelenTurner(F , CK
N,R, r)

2: m := MelenTurner(F i, CK
N,R)

3: for f in F do
4: r(f) := r(f) ◦m(f)
5: end for
6: if K = 1 then
7: return r

8: else
9: for i ∈ [N ] do

10: F i := { (I1,ii(f) (mod R/N), O
1,i
j(f) (mod R/N)) | f ∈ F such that m(f) = C1,i }

11: return GeneralizedMelenTurner(F i, C1,i, r)
12: end for
13: end if
14: end function

A.3 Analyzing the Algorithm

The next proposition shows that the generalization of the Melen-Turner algorithm to K-Clos networks

approximates the minimum congestion by a factor of O(logK).

Proposition A.2. For every set F of commodities in a Clos network CK
N,R, Algorithm 2 returns a routing

with congestion at most O(logK)×OPT , where OPT denotes the minimum congestion.
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Proof of Proposition A.2. The proof considers separately heavy and light commodities. We say that a

commodity is heavy if its demand is greater than 1/2K×OPT , and that it is light otherwise. In Lemma A.4,

we prove that the congestion over all heavy commodities is at most logarithmic in the number of stages;

this lemma is supported by Claim A.3, which shows that the heavy commodities incident at each switch

satisfy a particular structure. In Lemma A.6, we prove that the congestion over all light commodities is

at most 2 × OPT ; this lemma is supported by Claim A.5, which shows that, for every sub-network, the

demand over light commodities is almost uniformly distributed over all its own sub-networks.

Since the statements and the proofs of the forthcoming claims and lemmas are analogous for both

input and output switches, we present them only for input switches.

Claim A.3. Fix a positive integer p. For every k ∈ [2,K+1], the number of commodities traversing a switch
Ij2,...,jkik

with demand at least 1/p ×OPT is at most p×N .

Proof. The proof is by induction on k.

• Base case: k = 2. We show by contradiction that the statement holds for all switches I1i2 in stage 2.

Assume that the number of commodities traversing I1i2 is at least p×N +1. Then, for every routing

of the commodities, there is a edge leaving I1i2 traversed by at least p + 1 commodities. Since the

demand of each commodity is at least 1/p × OPT , we deduce that the congestion of that edge is at

least (1 + 1/p)×OPT , thus arriving at a contradiction.

• Inductive step: 2 < k ≤ K+ 1. We assume that the statement holds for all switches I
j1,...,jk−1

ik−1
in

stage k−1, and show that it also holds for all switches Ij2,...,jkik
in stage k. Consider the execution of

the Melen-Turner algorithm in the sub-network Cj2,...,jk−1 . The algorithm creates multiple copies of

each switch I
j2,...,jk−1

ik−1
in stage k − 1. Since from the induction hypothesis there are at most p×N

commodities with demand at least 1/p × OPT traversing I
i2,...,ik−1

jk−1
, the commodities with demand

at least 1/p × OPT are restricted to the first p copies of I
j2,...,jk−1

ik−1
. Furthermore, the fact that the

Melen-Turner algorithm assigns each commodity traversing a copy of I
j2,...,jk−1

ik−1
to a different edge

implies that there are at most p commodities with demand at least 1/p×OPT routed on a common

edge from stage k − 1 to stage k. Therefore, because there are N switches in stage k − 1 linking to

each switch Ij2,...,jkik
in stage k, the conclusion follows.

Lemma A.4. The congestion restricted to heavy commodities is at most O(logK)×OPT .

Proof. We show that the congestion restricted to heavy flows on any edge Ij2,...,jkik
I
j2,...,jk+1

ik+1
is at most

O(logK). Consider the execution of the Melen-Turner algorithm in the sub-network Cj2,...,jk . We make

use of two immediate consequences of Claim A.3. First, the number of copies of Ij2,...,jkik
created by the

algorithm is at most 2K . Second, the demand of each commodity assigned to the l-th copy of Ij2,...,jkik
is at most 1/l × OPT for all l ∈ [2K]. Therefore, since there is at most one commodity from each copy

routed on edge Ij2,...,jkik
I
j2,...,jk+1

ik+1
, the congestion on that edge is at most

∑
l∈[2K]

1/l × OPT , which is

O(logK)×OPT .

Claim A.5. Fix a real c such that 0 < c ≤ 1. For all k ∈ [2,K + 1], the difference between the maximum
and the minimum congestion restricted to commodities with demand less than c over all edges leaving a switch
Ij1,...,jkik

is at most 2c.

Proof. Consider the execution of the Melen-Turner algorithm in the sub-network Cj2,...,jk . Let x1 be the

highest indexed of copy of Ij2,...,jkik
containing a commodity with demand less than c, and x2 be the number
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of copies of Ij1,...,jkik
. Denote respectively by

+Dl and
+dl the demands of the heaviest and the lightest com-

modity contained in the l-th copy of Ij2,...,jkik
. First, we respectively upper and lower bound the maximum

and the minimum congestion restricted to commodities with demand less than c over all edges leaving

Ij2,...,ikjk
by

max
jk+1∈[N ]

c(Ij2,...,jkik
I
j1,...,jk+1

ik+1
) ≤

∑
l∈[x1,x2]

+Dl and

min
jk+1∈[N ]

c(Ij2,...,jkik
I
j1,...,jk+1

ik+1
) ≥

∑
l∈[x1+1,x2]

+dl

(where ik+1 = ik (mod R/Nk−1)). In the x1-th copy, the number of commodities with demand less than c
may be strictly less than N , such that the difference between the maximum and the minimum number of

commodities routed on some edge leaving Ii2,...,ikjk
is at most 2.

Then, since commodities are assigned to copies in decreasing order of demands, we write

max
jk+1∈[N ]

c(Ij2,...,jkik
I
j2,...,jk+1

ik+1
)− min

jk+1∈[N ]
c(Ij2,...,jkik

I
j2,...,jk+1

ik+1
) ≤

∑
l∈[x1,x2]

+Dl −
∑

l∈[x1+1,x2]

+dl

≤
∑

l∈[x1,x2]

+Dl −
∑

l∈[x1+2,x2]

+Dl

= +Dx1 +
+Dx1+1

≤ 2c

to arrive at the desired conclusion.

The proof of the next lemma makes use of the following lower bound on the minimum congestion:

OPT ≥ 1/N
∑

f∈F :i2(k) (mod R/Nl−2)=il

d(k)

for all l ∈ [2,K + 1] and il ∈ [R/N l−2]. In words, the congestion of an edge leaving a switch Ij2,...,jkik
in a

minimum congestion routing with unsplittable flow is at least the congestion of that edge in a minimum

congestion routing with splittable flow, which corresponds to the average demand over all commodities

such that there is a path from its source to its destination containing that edge.

Lemma A.6. The congestion restricted to light commodities is at most 2×OPT .

Proof. We show that the congestion restricted to light commodities on any edge Ij2,...,jkik
I
j2,...,jk+1

ik+1
is at

most 2×OPT . First, we write the next inequalities:

c(I1i2I
1,j3
i3

) ≤ 1/N
∑

f∈F :i2(k)=i2

d(k) + 1/K ×OPT

for all i2 ∈ [R] such that i2 (mod R/Nk−2) = ik (where i3 = i2 (mod R/N)), and

c(Ij2,...,jlil
I
j2,...,jl+1

il+1
) ≤ 1/N

∑
il−1∈[R/Nk−3]:

il−1 (mod R/Nl−2)=il

c(I
j2,...,jl−1

il−1
Ij2,...,jlil

) + 1/K ×OPT

for all l ∈ [2, k] and il ∈ [R/N l−2] such that il (mod R/Nk−2) = ik. In words, the congestion on edge I1i2I
1,j3
i3

is at most the average demand over all commodities entering switch I1i2 plus 1/K×OPT , and, similarly, the

31



congestion on an edge Ij2,...,jlil
I
j2,...,jl+1

il+1
is at most the average congestion over all edges entering switch

Ij2,...,jlil
plus 1/K × OPT . These inequalities follow from Claim A.5 together with the fact that the total

demand entering a switch equals the total demand leaving that switch.

Second, we apply the previous inequalities in succession,

c(Ij2,...,jkik
I
j2,...,jk+1

ik+1
) ≤ 1/N

∑
ik−1∈[R/Nk−3]:

ik−1 (mod R/Nk−2)=ik

c(I
j2,...,jk−1

ik−1
Ij2,...,jkik

) + 1/K ×OPT

≤ 1/NK−1

∑
i2∈[R]:

i2 (mod R/Nk−1)=ik+1

c(I1i2I
1,j3
i3

) + (k−1)/K ×OPT

≤ 1/NK

∑
f∈F :

i2(k) (mod R/Nk−1)=ik+1

d(f) + k/K ×OPT

≤ 2×OPT

to conclude that c(Ij1,...,jkik
I
j1,...,jk+1

ik+1
) ≤ 2×OPT .

The proof of the proposition is immediate from Lemmas A.4 and A.6.

Similarly to the proof of Theorem 5.1 concerning the approximation guarantees of our new algorithm,

the proof of the previous theorem can also be generalized to show that the algorithm not only approximates

the minimum congestion by a factor of O(logK), but also returns a routing with congestion at most

O(logK). This generalization requires only the adaptation of the base case of the proof of Claim A.3, and

the replacement of the term OPT with min{1, OPT} everywhere in the proof.

Proposition A.7. For every set F of commodities in a Clos network CK
N,R, Algorithm 2 returns a routing

with congestion at most O(logK)×min{OPT, 1}, where OPT denotes the minimum congestion.
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[44] László Lovász and Michael Plummer. Matching Theory. American Mathematical Society, 2009.

[45] Abdul Kabbani, Balajee Vamanan, Jahangir Hasan, and Fabien Duchene. Flowbender: Flow-level

Adaptive Routing for Improved Latency and Throughput in Datacenter Networks. In Proceedings of
the ACM Conference on Emerging Networking EXperiments and Technologies, pages 149–160, 2014.

[46] Naga Katta, Mukesh Hira, Changhoon Kim, Anirudh Sivaraman, and Jennifer Rexford. Hula: Scalable

Load Balancing using Programmable Data Planes. In Proceedings of the Symposium on SDN Research,

pages 1–12, 2016.

[47] Riccardo Melen and Jonathan Turner. Nonblocking Multirate Networks. SIAM Journal on Computing,

18(2):301–313, 1989.

[48] Andrew Yao. Probabilistic Computations: Towards a Unified Measure of Complexity. In Proceedings
of the IEEE Symposium on Foundations of Computer Science, pages 222–227, 1977.

[49] Rajeev Motwani and Prabhakar Raghavan. Randomized Algorithms. Cambridge University Press,

1995.

[50] Gregory Pfister. An Introduction to the Infiniband Architecture. High Performance Mass Storage and
Parallel I/O, 42(617-632):10, 2001.

[51] IEEE Standard for Ethernet. IEEE Std 802.3-2022 (Revision of IEEE Std 802.3-2018), pages 1–7025, 2022.

35



[52] Claudio Desanti, Robert Nixon, and Craig Carlson. Transmission of IPv6, IPv4, and Address Resolu-

tion Protocol (ARP) Packets over Fibre Channel. RFC 4338, January 2006.

[53] Mark Birrittella, Mark Debbage, Ram Huggahalli, James Kunz, Tom Lovett, Todd Rimmer, Keith Un-

derwood, and Robert Zak. Intel® Omni-path Architecture: Enabling Scalable, High Performance

Fabrics. In Proceedings of the IEEE Symposium on High-Performance Interconnects, pages 1–9, 2015.

[54] Arindam Khan and Mohit Singh. On Weighted Bipartite Edge Coloring. In Proceedings of the IARCS
Annual Conference on Foundations of Software Technology and Theoretical Computer Science, 2015.

[55] Hung Ngo and Van Vu. Multirate Rearrangeable Clos networks and a Generalized Edge-Coloring

Problem on Bipartite Graphs. SIAM Journal on Computing, 32(4):1040–1049, 2003.

[56] Richard Karp. Reducibility Among Combinatorial Problems. In Proceedings of a Symposium on the
Complexity of Computer Computations, page 85–103, 1972.

[57] Xiaoqiao Meng, Vasileios Pappas, and Li Zhang. Improving the Scalability of Data Center Networks

with Traffic-Aware Virtual Machine Placement. In Proceedings of the IEEE INFOCOM Conference,
pages 1–9, 2010.

[58] Yuanwei Lu, Guo Chen, Bojie Li, Kun Tan, Yongqiang Xiong, Peng Cheng, Jiansong Zhang, Enhong

Chen, and Thomas Moscibroda. Multi-Path Transport for RDMA in Datacenters. In Proceedings of
the USENIX Conference on Networked Systems Design and Implementation, pages 357–371, 2018.

36


	Introduction
	Summary of Results and Techniques
	Offline: Lower Bounds on Congestion and Approximation
	(Main Result) Offline: Upper Bound via a New Routing Algorithm
	Online: Lower Bounds on Congestion and Approximation
	Clos networks with arbitrary number of layers
	Roadmap

	Related Work
	Problem Setting
	(Main Result) Offline: Upper Bounds via a New Routing Algorithm
	Designing the Algorithm
	Phase 1
	Phase 2

	Analyzing the Algorithm

	Offline: Lower Bounds on Congestion and Approximation
	Limits to Congestion
	Limits to Approximation

	Online: Lower Bounds on Congestion and Approximation
	Limits to Deterministic Online Algorithms
	Limits to Randomized Online Algorithms

	Conclusion
	The Generalized Melen-Turner Algorithm
	Clos Networks with an Arbitrary Number of Layers
	Designing the Algorithm
	Analyzing the Algorithm


