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Abstract

Unsplittable flow problems have long been motivated by computer networking. Today, the most
prominent unsplittable flow problem in networking is the minimum congestion problem in data-center
networks. These networks are typically built after Clos networks, which have the key property that
there is always a routing with congestion at most 1. That is, if the demands are limited by the edge
capacities fo the network, then they can always be routed such that they are not limited by the edge
capacities inside the network. In this sense, Clos networks acts as a macro-switch connecting all sources
to all destinations. However, this property is premised splitting flow arbitrarily, which is unrealistic.
Thus, a natural question arises: if unsplittable flow is required, then do Clos networks still enjoy the
same properties as they do for splittable flow? Or, more specifically: are there always low-congestion
routings with unsplittable flow provided that low-congestion routings with splittable flow exist?

In this paper, we present the first non-trivial results on the minimum congestion unsplittable flow
problem in data-center networks. First, we show that for some sets of commodities the minimum con-
gestion is at least 3/2, and, furthermore, that it is N P-hard to approximate the minimum congestion
by a factor less than 3/2. That is, with unsplittable flow, Clos networks do not acts as a macro-switch.
Second, in our main result, we present a polynomial-time algorithm that guarantees a congestion of at
most 9/5 for any set of commodities, while also providing a 9/5 approximation of the minimum conges-
tion. Notably, this algorithm breaks through the barrier of 2 for congestion and approximation implicit
in existing heuristics. Last, shifting to the online setting, we demonstrate that no online algorithm
(deterministic or randomized) can approximate the minimum congestion by a factor less than 2, thus
establishing a strict separation between the offline and the online settings.
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1 Introduction

Unsplittable flow problems are a classic family of combinatorial optimization problems. The input to an
unsplittable flow problem consists of: a (directed or undirected) graph G = (V, E) with edge capacities
{c(€)}ecr, c(e) € RT, and a set F of commodities, each commodity f € F characterized by a source-
destination pair (s(f),t(f)) and a demand d(f), s(f),t(f) € V and dem(f) € R*. A solution is a
single-path routing for the commodities, that is, an assignment from each demand f to a single s(f)—t(f)
path P(f) on which dem(f) demand is routed. In this paper, we are interested in the minimum congestion
problem with unsplittable flow, where the objective is to minimize the maximum congestion on any edge.
The congestion y(e) of a edge is the maximum factor by which the total demand routed through that
edge exceeds the edge capacity, y(e) == >_ feFeeP(f) dem(f)/c(e). While with splittable flow the minimum
congestion problem is just the maximum concurrent flow problem and can be solved in polynomial time [[1]],
with unsplittable flow the problem becomes NP-hard.

Despite being significantly more difficult than its splittable counterpart, the minimum congestion prob-
lem with unsplittable flow is well understood. In general graphs, an early and famous application of ran-
domized rounding yields an O (10g7/10g log n)-approximation ratio [2] (where n = |V|), whereas a more re-
cent and powerful application in the bounded path length setting yields an O (10g!/10g log )-approximation
ratio [3] (where [ is the maximum length of any source-destination path). Conversely, there are graphs
for which the integrality gap matches the O (l0g7/loglogn)-approximation ratio [4], and it is hard to ap-
proximate the minimum congestion by a factor smaller than © (logn/loglogn) under standard complexity
assumptions [5]. In order to break through these lower bounds, the problem has been investigated in sev-
eral special classes of graphs [[610] and several special classes of demands [[11-13]]. For example, constant
factor approximations have been shown for ring graphs [6-8]], and single-source demands [[11}/12].

While these are important results, the original motivation for studying unsplittable flow problems
comes from problems in computer networking where practical considerations require flow to be unsplit-
table. These problems included the virtual circuit problem [14}(15], the routing and wavelength prob-
lem [16H18]], and the wire routing problem in VLSI design [[19]. Today, the most relevant unsplittable flow
problem in networking is the minimum congestion problem in data-center networks [20-25]. These net-
works are often built as Clos networks with uniform link capacities [25-30]], and flow is unsplittable since
implementing flow splitting requires extensive modifications to existing transport protocols and remains

unverified in large-scale [25,29434].

Definition 1.1 ( [35,36]]). A (unfolded) Clos network Cn g is parameterized by positive integers N and R,
and designates the directed graph G = (V, E)) with the following vertex and edge sets (see Figure@

« Vertex set. The vertices V are partitioned into 5 layers V) through Vs. In Vi (respectively Vs), there
are N x R wvertices, and each vertex is a source (destination) and is denoted by s! (t!), i € [R] and
J € [N]. The vertices in V, U V5 are also called servers. In Vs (respectively V), there are R vertices, and
each vertex called an input (output) switch and is denoted by I; (O;), i € [R)]. The vertices in Vo UV}
are also called Top-of-Rack (ToR) switches. In V3, there are N vertices, and each vertex called a middle
switch and is denoted by M,,, m € [N].

« Edge set. The edges E are from V; to V11 for alli € {1,2,3,4}. For all sources sg € Vi, there is an
edge s 1;, and for all destinations t] € Vs, there is an edge O;t]. There are complete bipartite graphs

n practice, data-center networks are built as folded Clos networks, where we start from an unfolded Clos network and
then fold it around the middle switches to get a new directed graph (see Figure [1Ib). The sources and destinations with the
same indexation correspond to the same physical server, and, similarly, the input and output switch with the same indexation
correspond to the same physical ToR switch. For ease of exposition, we assume unfolded Clos networks throughout the paper,
with all results carrying over from unfolded to folded Clos networks.



fal ™ AT

S, —

S— _®

(e - 1 % — A~

s \ N

(%) Y LD

LV — \ M - —

e - B 2 N A 1 T oo

o ( .f'; Y

) A )

R — / S

_ — | vé M - -

|.rsa\}'_-_ 3 l'.l z T T— /i-s-\' I

F / o2 /

et / T Voo

- — |4 ey _:\ f-f_'ﬂ\ r'll‘l{ B sz{ fa A F AL
5. — T ) (uh) (we) ) (ud) ) (u?) (u

2 *\‘fg;' oy Y e\ N DY

.

(a) A unfolded Clos network with R = 4 input (output) switches, and (b) A folded Clos network with R = 4

N = 2 middle switches. input (output) switches, and N = 2
switches.

Figure 1: A unfolded and a folded Clos network. Circles symbolize servers, and squares symbolize switches.
For easy of exposition, we assume unfolded Clos networks, with all results carrying over to folded Clos networks.

between Vo and Vs and between V3 and Vy: for all I; € V, and M,, € Vs, there is an edge I; M,,,, and
for all M, € V3 and O; € Vy, there is an edge M, O;.

Therefore, N designates the number of servers per ToR switch, which equals the number of middle switches,
and R the number of input (output) switches.

The input to the minimum congestion problem in data-center networks consists of: a Clos network
with unit edge capacities, and a set of doubly sub-stochastic demands, meaning that each source sends
at most unit demand and each destination receives at most unit demand, ) FeFus(k)=s! dem(f)<1 and

:s(k)=s]

Zfe]—‘:t(f):t? dem(f)<1 for all i€[R] and j€[N]. In other words, the demand leaving a source or entering

a destination is limited by the capacity of the edge leaving that source or entering that destination. While
this assumption limits the minimum congestion, it is easy to show via a simple scaling argument that it
implies no loss of generality concerning its approximation: if there is a p-approximation algorithm for the
problem when the demands are doubly sub-stochastic, then there is also a p-approximation algorithm for
when they do not.

Despite its practical importance, the minimum congestion problem in data-center networks is only fully
understood for splittable flow: the minimum congestion is at most 1, and can be found in polynomial time
by dividing the flow of each demand uniformly over all source-destination paths [23]. This unit conges-
tion carries a special significance: if the minimum congestion is at most 1, then a Clos network emulates
a single switch connecting all sources to all destinations, or a macro-switch [20,27,37-39]. We say that
a Clos network emulates a macro-switch if any demands achievable in the macro-switch are also achiev-
able in the network. A macro-switch is a highly desirable abstraction, since it black boxes the inside of a
network from a performance modeling standpoint: the demand is limited by the edge capacities leaving
and entering the network, not by those inside the network [37,40-42]. In fact, it was the ability of Clos
networks to emulate a macro-switch that motivated their widespread adoption in modern data-centers.

However, with unsplittable flow (which is the more realistic setting), the minimum congestion problem
is poorly understood. For permutation demands, meaning that each source sends flow to a single destina-
tion and each destination receives flow from a single source, the minimum congestion is still at most 1
(corresponding to an edge-disjoint routing), and can still be found in polynomial time [36}/43]]. In partic-
ular, routing permutation demands with congestion at most 1 equates to edge coloring a bipartite graph
with bounded degree into as many colors, which is ensured by Konig’s edge-coloring theorem [44].



In contrast, for general doubly sub-stochastic demands, no non-trivial result is known. Of course, the
application of randomized rounding to minimizing congestion in general graphs [2] guarantees that the
minimum congestion is at most O (10g7/loglogn) and can be approximated by a factor of O (10g7/10glogn).
Moreover, since every source-destination path in a Clos network has length 4, the application of the same
technique in the bounded path length setting improves these factors to O(1), for some large constant.
Finally, several heuristics for routing in Clos networks have been studied in simulation and deployed in
practice [20}[21}[23l25//45//46]]. While these heuristics further improve upon the previous factors, it is easy to
show that they only ensure that the minimum congestion is at most 2 and can be approximated by a factor
of 2. In summary, despite the fact that the main motivation for unsplittable flow is in networking, and
that the most relevant networking problem for unsplittable flow is minimizing congestion in Clos-based
data-center networks, very little is known about unsplittable flow in this special class of graphs.

In light of this mismatch, we ask the following fundamental questions concerning the existence and
efficient computation of minimum congestion routings with unsplittable flow in Clos networks:

Does unsplittable flow have the same properties as splittable flow in Clos networks? In particular:

(Q1) Is the minimum congestion with unsplittable flow at most 1 for all sets of doubly sub-stochastic com-
modities? If not, how close to 1 is it?

(Q2) Is the minimum congestion with unsplittable flow computable in polynomial-time? If not, how well can
it be approximated?

2 Summary of Results and Techniques

We present the first non-trivial results on the minimum congestion problem with unsplittable flows in
data-center networks. In all results, we assume commodities are doubly sub-stochastic. First, we answer
the questions Q; and Q3 in the negative: unsplittable flow does not act the same as splittable flow in Clos
networks. In particular, we prove that there are sets of commodities for which the minimum congestion is
at least 3/2, and, furthermore, that it is NP-hard to approximate the minimum congestion by a factor smaller
than 3/2. Second, as our main result, we give a new algorithm that returns a routing with congestion at
most 9/5 for all sets of commodities while also approximating the minimum congestion by a factor at most
9/5. In other words, we show that, while Clos networks fail to emulate a macro-switch (thus contradicting
the original motivation for their widespread deployment), there are approximation algorithms that at least
achieve relatively low congestion. Notably, our algorithm achieve lower (worst-case) congestion than
either the current theoretical state of the art or the current heuristics used in practice.

A related setting that is relevant in practice is the online setting, where the commodities are revealed
one at a time and each commodity must be routed irrevocable before receiving the next one. In this setting,
we prove that no online (deterministic or randomized) algorithm can have competitive ratio less than 2.
Combined with our offline upper bound, this implies a strict separation between the offline and the online
settings: while in the offline our new algorithm approximates the minimum congestion by a factor less
than 9/5, in the online no algorithm can approximate it by a factor less than 2.

While our results concern Clos networks with five layers, which are the simplest and most studied
members of this special class of graphs and thus the natural starting point for this investigation, hyper-
scale data-centers are often built using Clos networks with seven or more layers. Therefore, we close by
briefly discussing how our results carry over to Clos networks with an arbitrary number of layers.
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(a) The funnel gadget without routing. (b) A minimum congestion routing for the funnel gadget.

Figure 2: The funnel gadget underlying the lower bounds in the offline setting in a Clos network with N = 3
middle switches. Lines symbolize commodities from source to destination.

2.1 Offline: Lower Bounds on Congestion and Approximation

As discussed in Section[T} a fundamental property of Clos networks is that, if demands are integral (and
thus form a permutation due to the assumption of double sub-stochastic demands), then the minimum
congestion is at most 1 and a minimum congestion routing can be found in polynomial time [36}/43]. In
contrast, we show that as soon as the demands become half-integral, the minimum congestion can be 3/2
and a minimum congestion routing cannot be found in polynomial time.

Theorem 2.1. In a Clos network, there is a set of commodities with demand 1 or 1/2 for which the minimum
congestion is 3/2.

Theorem 2.2. For a set of commodities with demand 1 or1/2 in a Clos network, deciding whether the minimum
congestion is at most 1 is NP-complete.

The latter theorem implies a hardness of approximation result.

Corollary 2.3. No polynomial-time algorithm can approximate the minimum congestion in a Clos network
by a factor less than 3/2 unless P = N P.

The key idea for proving both theorems is a set of commodities with flow 1 that we call a funnel gadget.
In a Clos network with N middle switches, the funnel gadget funnels commodities from /N input switches
to N—1 output switches; specifically, it maps each of N—1 commodities leaving each input switch to
a different output switch (see Figure [2a). The funnel gadget has the property that, in any routing with
congestion 1, the middle switch to which no commodity is assigned is different for each input switch;
consequently, any additional commodities leaving each of the input switches are assigned to different
middle switches (see Figure [2b). In the first theorem, the funnel gadget is used to construct a new set of
commodities for which no routing with congestion 1 exists by adding commodities with flow /2 from each
of the input switches to an extra output switch such that all middle switches are blocked. In the second
theorem, the funnel gadget is used to establish a reduction from the 3-edge coloring problem.

2.2 (Main Result) Offline: Upper Bound via a New Routing Algorithm

As also discussed in Section[] the best known upper bound on the minimum congestion and its approx-
imation by a polynomial-time algorithm is 2, and it is obtained from the analysis of existing heuristics. As
our main result, we design a new algorithm that provides the first non-trivial upper bounds on congestion
and approximation, breaking through the barrier of 2 implicit in prior work.
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Figure 3: A worst-case instance for the Melen-Turner algorithm in a Clos network with N=2 middle switches.

Theorem 2.4. There is a polynomial-time algorithm that in a Clos network returns a routing with congestion
at most 9/5 for all sets of commodities, and approximates the minimum congestion by a factor of at most 9/5.

To achieve this property, our algorithm combines the following two heuristics in a new way.

(1) The Melen-Turner algorithm [47] yields a routing for the demands satisfying the following property:
for every ToR switch, the demands incident to that switch between the heaviest and the N-th heav-
iest are assigned to different middle switches, those between the N+1-th heaviest and the 2/N-th
heaviest are assigned to different middle switches, and so on. The algorithm attains this property
by first considering a new Clos network where there are multiple copies of each ToR switch, and
mapping the commodities to copies of its switches such that, for every ToR switch, the commodities
incident to that switch between the heaviest and the N-th heaviest are mapped to the first copy,
those between the N+1-th heaviest and the 2/N-th heaviest are mapped to the second copy, and
so on. Critically, the demands in the new network form a permutation. Then, the algorithm finds
a edge-disjoint routing for the commodities in the new network, which equates to a routing in the
original network with the desired property.

(2) The Sorted-Greedy algorithm [20] sorts the commodities in decreasing order of their demands and
assigns each demand to a path of minimum congestion; the congestion of a path is the maximum
demand flow routed on any of its edges.

On the one hand, the pitfall of the Melen-Turner algorithm is that it evenly splits low demand com-
modities over all middle switches without accounting for the presence of high demand commodities. In
Figure 3] there is a single commodity with demand 1, and multiple commodities with demand e, for some
arbitrary small ¢ > 0, such that their total demand is N—1. Clearly, there is a routing with congestion 1.
However, the algorithm uniformly distributes the commodities with demand e over the middle switches,
such that their total demand traversing each edge is N—1/N. Consequently, the congestion of the left edge
traversed by the commodity with demand 1 is 1 + N—1/n, which approaches 2 as NV grows large.

On the other hand, the pitfall of the Sorted-Greedy algorithm is that it fails to route high demand com-
modities according to a edge-disjoint routing. In the Figure |4} there are four commodities with demand 1.
Consider the commodities in increasing order of their indices, and tie-breaking among the middle switches
in favor of that with the lowest index. Clearly, there is again a routing with congestion 1. However, the
algorithm assigns commodities f; and f5 to the first middle switch, and the commodity f3 to the second
middle switch. Consequently, the congestion of the right edge traversed by the commodity f; is 2.
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(a) The commodities without routing. The index of each (b) The routing returned by the Sorted-Greedy algorithm
commodity is annotated next to its source. All commodities for the commodities.
have demand 1.

Figure 4: A worst-case instance for the Sorted-Greedy algorithm in a Clos network with N =2 middle switches.

These examples suggest that the high demand commodities should be distributed as uniformly as pos-
sible over the middle switches, as in the Melen-Turner algorithm, but the low demand commodities should
be routed on paths that in the aftermath have low congestion, as in the Sorted-Greedy algorithm. There-
fore, the key idea of our algorithm is that, by carefully interpolating between these two algorithms, we
can mitigate their pitfalls, and thus arrive at a better bound than they achieve individually.

Our algorithm routes a set of commodities in two phases bridged by a threshold on the congestion
of each phase. In the first phase, a subset of the commodities is routed via the Melen-Turner algorithm
with congestion at most the threshold. In the second phase, the remaining commodities are routed via the
Sorted-Greedy algorithm without increasing the congestion beyond the threshold. By setting the threshold
to 9/5, the algorithm returns a routing with congestion at most 9/5.

As defined, our algorithm returns a routing with congestion at most 9/5, but fails to approximate the
minimum congestion by a factor of 9/5. The reason is that the minimum congestion is not known a priori:
if we knew the minimum congestion, then the algorithm could be easily fixed by setting the threshold
to 9/5 times the minimum congestion. Standard guess-and-double techniques would allow us to “guess”
the minimum congestion accurately enough to achieve a 9/5 + ¢ approximation in poly(n,log1/¢) time.
However, it is possible to modify our algorithm to achieve a true 9/5-approximation via a more nuanced
bridging of the two phases. The key idea is, in the first phase, to route via the Melen-Turner algorithm a
subset of the commodities, which critically includes all those with demand at least 1/3 times the minimum
congestion (despite not knowing the minimum congestion), with congestion at most 9/5 times a suitable
lower bound on the minimum congestion (rather than its unknown value). Consequently, in the second
phase, it possible to route the remaining commodities via the Sorted-Greedy algorithm without increasing
congestion beyond 9/5 times the minimum congestion.

2.3 Online: Lower Bounds on Congestion and Approximation

In the offline setting, we have repeatedly mentioned that a fundamental property of Clos networks is
the existence of a routing with congestion 1 for all sets of commodities with integral demands [43]. On
the contrary, in the online setting, we establish that no deterministic algorithm can ensure this property.
Furthermore, we prove that randomizing the routing choices does not help.

Theorem 2.5. For every online algorithm (deterministic or randomized), there is a sequence of commodities
with demand 1 for which the congestion of the algorithm is at least 2.

This theorem implies a lower bound on the competitive ratio of any online algorithm.
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Figure 5: The two sequences of commodities underlying the lower bound in the online setting in a Clos network
with 3 middle switches. The sequences are denoted by X = (X1, X2) andY = (Y1,Y2), with X1 = Y] and
Xo # Ya, where subsequence X consists of two commodities (I1,01) (in orange) and two commodities
(I2,02) (in green), X5 of two commodities (11, O2) (in blue), and Y of two commodities (I3, O1) (in purple)

and two commodities (I3, O2) (in black).

Corollary 2.6. No online algorithm (deterministic or randomized) can have competitive ratio less than 2.

The proof of the theorem is divided into two parts, the former showing the result for deterministic
algorithms, and the latter generalizing it for randomized algorithms. The first part designs two sequences
of commodities that agree in their prefixes but disagree in their suffixes (see Figure [5). The key property
of the sequences is that in a routing with congestion 1 the routing of their common prefix differs; thus,
any deterministic algorithm that returns a routing with congestion 1 for one sequence returns a routing
with congestion 2 for the other. The second part designs 2° supersequences consisting of S independent
sequences, each corresponding to one of the previous sequences, for some S linear in the number R of input
(output) switches. Therefore, from the key property of the sequences, any deterministic algorithm returns
a routing with congestion 2 for at least 2% —1 supersequences; thus, the expected congestion of an optimal
deterministic algorithm when supersequences are chosen uniformly at random over the 2° supersequences

)

]
2/
-
.

W\ m
("3‘\-“

BEX
V/
¥ 3
go _]
\_
YL _:.\r;
)I' \'“_/'I'\‘_X‘:/q' \“_/(

Y
£

-
w
i

Wy
£y "’_j!
"'.\
e

=
l.

2

.|

oy

z)

>‘T\I

p Y 3 w2
(8! Gl

\y Y

(82, o

23— | o) —_3)

.‘/833\--* 3 M 3 --{/F;\u

o 4 >_</

r’ \I

N Y

4

|€-5} _M3_
fal
)
(&%
03
./3'3' (8}
U}

4 4

(@
w

(d) A minimum congestion routing forY.

is at least 2—1/2s. Then, the theorem follows from the application of Yao’s Minimax Principle .

These lower bounds are complemented by the fact that the Unsorted Greedy algorithm yields an upper

bound of 3 on congestion and approximation, as it easy to show.



2.4 Clos networks with arbitrary number of layers

The construction of a Clos network can be generalized to an arbitrary number of layers. At a high
level, a Clos network with 2K + 3 layers, henceforth called a K-Clos network, K >1, corresponds to a
Clos network with 5 layers where each middle switch is replaced by a Clos network with 2K + 1 layers.
(See Appendix [A]for a formal definition.) It is not hard to see that our lower bounds of 3/2 on congestion
and approximation in 1-Clos networks carry over to K-Clos networks. Intuitively, the reason is that at
best each of the (K —1)-Clos networks connecting input to output switches in a K-Clos network acts as
a middle switch of a 1-Clos network. On the other hand, our upper bounds of 9/5 do not carry over to
K -Clos networks. This is somewhat less intuitive, but the reason is that the natural generalization of our
algorithm would yield a routing where the demands that form the input to the (K —1)-Clos networks are
no longer doubly sub-stochastic.

Similarly to 1-Clos networks, there are no non-trivial upper bounds on congestion and approxima-
tion known for K-Clos networks. Since every source-destination path in a K-Clos network has length
2K +2, the application of randomized rounding in the bounded path length setting [3]] yields upper bounds
of O(log K /loglog K'). In practice, however, data-center operators typically want to deploy heuristics that,
despite possibly having worst performance guarantees, are simpler to implement and understand. We
show that it is possible to get the best of both worlds by establishing that the natural generalization of the
Melen-Turner algorithm [47]] yields O(log K') congestion and approximation in K -Clos networks.

Proposition 2.7. The natural generalization of the Melen-Turner algorithm in a K-Clos network returns a
routing with congestion at most O(log K') while approximating the minimum congestion by a factor of at
most O(log K) for all sets of commodities.

Proving either super-constant lower bounds or designing an algorithm that achieves a constant-factor
approximation in K-Clos networks is an attractive open question that is left to future work.

2.5 Roadmap

In Section 3] we review related work. In Section [4] we present a formal description of the minimum
congestion routing problem with unsplittable flow in data-center networks. In Section |5, we design and
analyze the new routing algorithm. In Sections [6 and §7] we prove the lower bounds on congestion and
approximation in the offline and online settings, respectively. In Section[8] we conclude the paper and dis-
cuss open questions. In Appendix[A] we analyze the natural generalization of the Melen-Turner algorithm
to Clos networks with an arbitrary number of layers.

3 Related Work

Minimizing congestion in Clos networks. Chiesa, Kindler, and Schapira [23]] also investigate the
minimum congestion problem with unsplittable flows in Clos networks. However, their setting differs from
ours in that they assume that the graph modeling a data-center network is the undirected graph obtained
from a folded Clos network (see Figure by replacing the two edges with uniform capacity between
pairs of vertices in consecutive layers with a single edge with twice the capacity. Since in almost every
wired network deployed data transmission is independent between the two directions of a link [50-53],
our model is the more accurate representation of a data-center network.

As a result of their modeling choice, their results are more pessimistic than ours. First, they show that
with integer demands the question of deciding whether there is a routing with congestion at most 1 is
N P-complete, and thus conclude that it is N P-hard to approximate a minimum congestion routing by a
factor less than 2; in our model, it is known that this problem is in P [43], and our new algorithm shows



that the minimum congestion can be approximated by a factor of 9/5. Second, they give a local-search
algorithm that, while there is a commodity and a path such that re-assigning that commodity to that path
decreases the congestion of the routing, re-assigns the commodity; in our model, it can be shown that their
algorithm approximates a minimum congestion routing by a tight factor of 3.

Multirate rearrangeability in Clos networks. The multirate rearrangeability problem with unsplit-
table flow in Clos networks is the closest problem to the minimum congestion problem. The setting consists
of: a Clos network whose number of servers per ToR and of input (output) switches is fixed, but whose
number of middle switches is variable; and a set of commodities with doubly sub-stochastic demands. The
goal is to find a routing with congestion at most 1 while minimizing the number of middle switches used.

The best known algorithm is given by Khan and Singh [54], and establishes that it is possible to route
every set of commodities with congestion at most 1 using at most [20/9 V| middle switches, where N is
the number of sources per input switch. The algorithm fixes [20/9 N'| middle switches, and routes a set of
commodities in two phases. The first phase considers a subset of the commodities with demand at least
1/10, and finds an edge-disjoint routing for them. The second phase sorts the commodities in decreasing
order of demands, and assigns each commodity to an arbitrary middle switch for which the congestion does
not exceed 1. Our algorithm draws inspiration from the two-phase approach of this algorithm. The best
known lower bound is given by Ngo and Vu [55], and shows that there are sets of commodities for which
every routing with congestion 1 uses at least [5/4 N'| middle switches. While the underlying construction
yields a lower bound of 6/5 on worst-case congestion, we improve this bound to 3/2.

4 Problem Setting

We formalize the minimizing congestion routing problem with unsplittable flow in data-center net-
works. The input to the minimum congestion routing problem in a data-center network is: (1) A Clos
network C'y, g with unit edge capacities. (2) A set 7 of commodities. Each commodity f maps to a source-
destination server pair, and a positive demand dem( f). If clear from the context, then a commodity may
be identified by its input-output switch pair. Given a commodity f € F, let i(f) and s(f) be the input
switch and the source server that f leaves, respectively, and j(f) and ¢(f) be the output switch and the
destination server that f enters, respectively. The demands satisfy the following assumption: the aggregate
demand over all commodities leaving a source and entering a destination is at most 1 (so that if commodi-
ties were arbitrary splittable there would be a routing with congestion 1 for every set of commodities, and
Clos networks could replicate a macro-switch):

Z dem(f) <1 and Z dem(f) < 1foralli € [R],k € [N].

feFi(f)=i feF(h)=i

s(f)=k t(f)=k
A solution to the problem is a routing r for the set F of commodities, which is an assignment from
each commodity f to a source-destination path r(f); in fact, since there is a bijection between source-
destination paths and middle switches, a routing is an assignment to a middle switch. An optimal solution
to the problem minimizes over all routings the congestion of each routing; we call it a minimum congestion
routing. The congestion of a routing is the maximum congestion over all edges between ToR and middle
switches, where the congestion of a edge is the total demand over all commodities traversing the edge.
Letting R denote the set of all routings, the congestion of a minimum congestion routing, denoted by
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(a) The commodities without routing. (b) A minimum congestion routing in the Clos network.

Figure 6: A set of commodities in the Clos network Ca 3.

OPT(F), writes:

congestion of I; M., congestion of M, O;
OPT(F) := min max max{ Y dem(f), Y dem( f)}
;Le[[J\]r] feFi(f)=i fEFG(f)=i
r(f)=m r(f)=m

congestion of

If clear from the context, then the argument F is omitted.

The minimum congestion routing problem is illustrated in Figure [| In Figure [pa} we show a set of
commodities in the Clos network C5 3 composed of three types of commodities, each identified with a
different color in the figure:

« Type 1 (in blue): There is one commodity (si,t}) and one commodity (s3,#?), both with demand 1.

« Type 2 (in orange): There is one commodity (s%,t}) and one commodity (s3,¢}), both with demand
1/2
« Type 3 (in green): There is one commodity (s3,¢3) with demand 1.

In Figure [6b] we show a minimum congestion routing for the commodities. Every edge except for MO
is traversed by at most one commodity, and thus has congestion at most 1. Edge M20O3 is traversed by the
type 3 commodity from I3 to Oy and the type 2 commodity from I3 to O, and thus has congestion 3/2.
Therefore, the routing of the figure has congestion 3/2.

The next theorem formalizes the fundamental property of Clos networks concerning the special case
where the demands form a permutation, meaning that there is at most one commodity leaving each source
and entering each destination. We refer to this theorem repeatedly throughout the remainder of the paper.

Theorem 4.1 ( [43l44]). Consider a Clos network Cn gr. For every set of commodities such that the number of
commodities per source and per destination is at most one, there is a edge-disjoint routing of the commodities,
and one such a routing can be found in polynomial-time.

The backbone of this property is the existence of a bijection between a set of commodites in a Clos
network with N servers per ToR switch and a bipartite multi-graph, and between a routing for these
commodities and an edge-coloring of the bipartite multi-graph using IV colors. The left and right vertex sets
of the bipartite multi-graph corresponds to the input and output switches in the network, each left vertex
corresponding to an input switch and each right vertex to an output switch. The edge set corresponds to
the commodity set, each edge from a left to a right vertex corresponding to a commodity from the related
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input switch to the related output switch. An edge coloring of the bipartite multi-graph using N colors
corresponds to a routing of the commodities, each edge colored m if and only if the related commodity is
assigned to the m-th middle switch, m € [N]. Notably, there is a edge-disjoint routing for the commodities
precisely when there is a proper edge-coloring of the bipartite multi-graph using N colors.

5 (Main Result) Offline: Upper Bounds via a New Routing Algorithm

We introduce a new algorithm for the minimizing congestion in Clos networks. In we design the
algorithm, and, in we analyze it to show that the algorithm approximates a minimum congestion
routing by a factor at most 9/5. A straightforward generalization of the analysis shows that the algorithm
also returns a routing with congestion at most 9/5.

5.1 Designing the Algorithm

The new routing algorithm is presented as Algorithm [1| Given a Clos network Cy g, and a set F of
commodities, the algorithm routes the commodities in two phases. Let 1/Q be a demand, p be an approxi-
mation factor, L be a lower bound on the minimum congestion O PT, all of which are specified in the next
section. In Phase 1, the algorithm finds a routing for a subset of the commodities that includes all com-
modities with demand greater than 1/ x OPT via a edge-coloring based procedure with congestion at
most p X L. In Phase 2, the algorithm finds a routing for the remaining commodities via a greedy procedure
without increasing congestion beyond p x OPT.

Algorithm 1 The input of the algorithm is a set F of commodities in the Clos network Cy, g together with
parameters P and (), where P is a non-negative real and () is a positive integer. The output is a routing r
for F. Variable ¢(1; My, ) (¢(M,,O;)) maintains the congestion of edge I; M, (M, 0;).

1: F1 := UPHOLDPROPERTIES(F, P, Q) > Phase 1:
2. 7(F1) = EDGEDISJOINTROUTING(F1, CN, Rx K ))
3: fori € [R], m € [N] do > Phase 2:
4 c(L;My,) == > dem(f); c(M,0;):=>_ dem(f)

feflii(f)ilﬁ feFr :j(f)ii,

r(H=m T(H=m

5. end for
6: Fo = .7:\]:1
7. for j =1,2, --- | |F2| do
8: r(fi;) = argmin,, ¢ y) max{ C([i(fij)Mm)7 c (MmOj(fij))}
o i) Mrpy) + = dem(fi)); e(My(s,)Ojp,))) + = dem(fi;)

10: end for
11: returnr

5.1.1 Phase1

The first phase of the algorithm is divided into two sub-phases. Phase 1.a obtains a new instance of the
problem: a new Clos network, and a subset of the commodities that includes all commodities with demand
greater than 1/Q x OPT mapped to the new network. Phase 1.b routes these commodities with conges-
tion at most P := p x L via an edge-coloring of the bipartite graph corresponding to the new Clos network.

Phase 1.a. The new Clos network is denoted by Cn rx i, with K = [F/N| and F' the maximum
number of commodities incident to a ToR switch in the original one. The new network is obtained from
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the original one by creating K copies of each ToR switch. The k’th copy of the ¢’th input switch is denoted
by IF, and the I’th copy of the j’th output switch by Oé.

The subset of the commodities mapped to the new instance is denoted by Fj. Consider that com-
modities in F are indexed in decreasing order of demands, F = {fi, f2,. .., f] 7|} with 7 < j implying
dem(f;) > dem(f;). The subset F; is obtained from F and mapped to Cy rx i as follows:

(1) The incidence of the commodities in ToR switches in the original network is respected in the new
network, that is, if a commodity in the original network leaves an input switch I; and enters an
output switch Oj, then in the new network it leaves a copy of I; and enters a copy of O;.

(2) The assignment from commodities to copies of input-output switch pairs in the new network is
such that F; is a maximal subset of F satisfying the properties P1 through P3; in particular, it is
the maximal such subset returned by the procedure UPHOLDPROPERTIES (line 1 of Algorithm|1). The
properties and the procedure are introduced next.

Properties. Given a commodity f € F, let k(f) be the copy of its input switch that f leaves, and let
I(f) be the copy of its output switch that f enters. Denote by +Nz-k the number of commodities in F;
leaving I¥, and by * D¥ the maximum demand over all commodities in JF; leaving I¥,

tNF=|{feFli(f)=iand k(f) = k}| and *DF = max  dem(f).
f€.7:1:;'€((]}))=jk

k

Likewise, denote by _Nf the number of commodities in 7 entering Oy, and by _Df the maximum

demand over all commodities in F; entering OF.

(P1) Foralli € [R]and k € [K], TNF < N and *NF > 0 with k > 1 implies T N*~! = N. Similarly,
foralli € [R] and k € [K], "N} < N and “NF > 0 with k > 1 implies “N"! = N. In words,
the number of commodities per copy of a ToR switch is at most NV, with commodities incident to a
common switch assigned to copies of that switch from the lowest to the highest copy, such that a
commodity is assigned to a higher copy if there are N commodities incident to each of the lower
copies.

(P2) For all fi,fj € Fi such that Z(f,) = Z(fj) and ¢ < 7, k(fz) < ]C(f]) Similarly, for all fi,fj e Fi
such that j(f;) = j(f;) and i < j, I(f;) < I(f;). In words, the assignment of commodities incident
to a common ToR switch to copies of that switch is in non-increasing order of demands.

(P3) Foralli € [R], *N{ > 0 implies Yy *DF < P. Similarly, for all i € [R], “N;> > 0 implies
> ke[K] _DL < P. In words, if there are N commodities incident to each of the lowest () — 1 copies
of a ToR switch, then the total demand over the highest demand commodities incident to each of the
copies of that switch is at most P.

The previous properties are illustrated in Figure

Procedure. Given the set F of commodities in Cy g, the procedure UPHOLDPROPERTIES(F, P, (Q) re-
turns the posited subset /7. Initially, the set F; is empty. The procedure tests each commodity in F for
inclusion in F in decreasing order of demands. For each i € [|F|], the procedure includes f; in Fy if
there are copies k and [ such that the assignment of f; to (1 Z]‘é )’ Oé. ( fi)) satisfies properties P1 through P3.

In detail, denote by G C Fj the set of commodities included in F; prior to testing f;. Let x be the

lowest copy of I;s,) such that the number of commodities in G leaving that copy is strictly less than IV,
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Figure 7: Algorithm with Q) = 3 and P = 5/3 for a set of commodities in the Clos network Cy 3. Commodity
f1 has demand 1 (in blue), commodities fo through f5 have demand /2 (in green), and commodities fg through
fo have demand 1/4 (in orange). While the subset of the commodities in the new instance satisfy properties
P1 through P3, the complete set does not: if fg (in red) is included in the subset, then it must be assigned to
(I3,03), in which case, since " N? > 0, P3 implies 1 + 1/2 + 1/a < 5/3. In the end of Phase 1, the minimum
congestion path from Iy to O3 is My; hence, in Phase 2, commodity fo is assigned to M.

z = min{k € [K] ]*Nik(fi) < N}. Likewise, let y := min{l € [K]| 7N,§(fi) < N}. We say that Iy,
accepts f; if it holds that:
x > @ implies Z +Df(fi) + max{+D§”(fi), dem(f;)} < P;
kelz—1]
and that I, rejects f; otherwise. Since commodities are tested in decreasing order of demands, if

TN ;‘E > 0, then I;( s,y accepts f;. Likewise, we say that O,y accepts f; if it holds that:

y > @ implies Z 7D,§‘(fi) + max{fD?(fi),dem(fi)} < P;
le[y—1]

and that Oy, rejects f; otherwise. Commodity f; is included in F; if its accepted by both I;( 1,y and Oy y,),
in which case it is assigned to (If(fi), O?(fi))'
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Phase 1.b. The commodities in F; are routed in the original network according to a edge-disjoint
routing in the new network (line 2 of Algorithml(I). Since the number of commodities incident to a copy of
a ToR switch is at most the number N of middle switches, there is one such routing in the new network,
and it can be found in polynomial time (see Theorem [4.1).

The routing of F assigns the commodities incident to a common copy of a ToR switch to different
middle switches, with at most KX commodities incident to that ToR switch assigned to the same middle
switch. Therefore, the maximum congestion over all edges incident to a ToR switch is at most the total
demand over the highest demand commodities incident to each copy of that switch. If there are N com-
modities incident to each of the lowest () — 1 copies of a ToR switch, then this congestion is at most P. In
the analysis of the next section, () is set such that the total demand over the highest demand commodities
incident to the first () — 1 copies of a ToR switch is also at most P, so that the congestion of the routing
of Fj is at most P.

5.1.2 Phase 2

The second phase of the algorithm routes each commodity not routed in Phase 1. The subset of the
commodities not routed in Phase 1 is denoted by F» := F \ Fj. Consider that the commodities in F»
are indexed in decreasing order of demands, F2 = {f;,, fi,,--- fi|-7‘_2\} with i; € [|F|] and i; < ij44
for all j € [|F2| — 1]. Initially, the congestion of each edge is the total demand over all commodities in
F1 routed through that edge (line 4). The algorithm routes each commodity in /> in decreasing order of
demands. For each j € [|F3|], the algorithm routes f;, on a path whose congestion is minimum, breaking
ties arbitrarily (line 8). Then, the algorithm updates the congestion of that path (line 9). The execution of
Algorithm 1] is illustrated in Figure

5.2 Analyzing the Algorithm

Define the lower bound L on the optimal congestion O PT as follows:

L = maxmax{"L;, " L;},
i€[R]

where

TL; = d VN X d d
max { fe]rflzlf(L?):i em(f),1/ Z em(f)} an

feFi(f)=i
~L; := max max dem(f),1/N X dem .
{max  dem(f)./ fg;m:i (N}

In words, O PT is at least the highest demand over all commodities leaving I; (entering O;), and at least the
total demand over all commodities leaving I; (entering O;) averaged over the number of middle switches;
if flow were arbitrarily splittable, then the latter term would correspond to the congestion of each edge
leaving I; (entering ;) in the minimum congestion routing that divides the demand of each commodity
uniformly over all source-destination paths.

The next theorem shows that, if P is set to 9/5 X L and @ to 3, then the algorithm approximates a
minimum congestion routing by a factor at most 9/5.

Theorem 5.1. Fixp = 9/5 and q := 3. For every set F of commodities, ifAlgorithm sets P = p x L and
Q) = q, then it returns a routing with congestion at most p x OPT.
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Preliminaries to the proof of Theorem [5.1} The proof of the theorem makes use of the additional
properties of the set F; of commodities routed in Phase 1 detailed in the next lemma. Denote by Td¥ the
minimum demand over all commodities in F7 leaving I, f,

tdb = min dem( f).
I et )
k(f)=k

Likewise, denote by ~d¥ the minimum demand over all commodities in F; entering OF.

Lemma 5.2. The set F; of commodities satisfies the following additional properties:

(Q1) Assume thatp > 3 ooy Yk Foralli € [R], 371k +DF < p x OPT. Similarly, for all j € [R],
Zle[K] _Dé- < p x OPT. In words, the congestion of the routing of F1 is at mostp x OPT.

(Q2) Forall f € F, dem(f) > /g x OPT implies f € F1. In words, every commodity with demand
greater than 1/q x OPT is routed in Phase 1.

(Q3) Assumethatthereis f € F suchthat I;y) rejected f when it was tested in Phase 1. Then, Zke[K] +df(f) >
(p — 1) x L. Similarly, assume that there is f € JF3 such that Ojy) rejected f when it was tested in
Phase 1. Then, 3k *dé.(f) > (p — 1) x L. In words, if there is a commodity not routed in Phase 1,
then, assuming that it was rejected by its input switch, every edge incident to that switch has congestion
greater than (p — 1) x L.

The proof of the lemma requires two preparatory claims. Since the proofs of the statements in the
lemma and in the preparatory claims are analogous for both input and output switches, they are given
only for input switches.

Claim 5.3. Foralli € [R] and all positive integers k, the number of commodities f € F such thati(f) =i
and dem(f) > 1/k x OPT is at most N x (k — 1). Similarly, for all j € [R] and all positive integers [, the
number of commodities f € F such that j(f) = j and dem(g) > /1 x OPT is at most N x (I —1).

Proof. Assume, by contradiction, that the number of commodities f € F such thati(f) = i and dem(f) >
L/kx OPT is atleast N x (k—1)+1. Then, for every routing of these commodities, there is a middle switch
to which at least k commodities are assigned. Therefore, since the demand of each of these k commodities
is strictly greater than 1/k x O PT, we conclude that the congestion a minimum congestion routing for F
is strictly greater than O PT, thus arriving at a contradiction. O

Claim 5.4. Forall f € Fi, dem(f) < 1/k(f) x OPT. Similarly, for all f € Fi, dem(f) < 1/i(y) x OPT.

Proof. Assume, by contradiction, that there is f € F; such that dem(f) > 1/k(f) x OPT. From P1, we
know that * N¥ = N forall k € [k(f)— 1], and, from P2, that, for all commodities g € F such that i(g) =
i(f) and k(g) < k(f), dem(f) > 1/k(f) x OPT. Therefore, we conclude that the number of commodities
g € F such that i(g) = i(f) and dem(g) > 1/k(f) x OPT is atleast N x (k(f) — 1) + 1. However, from
Claim|[5.3] we know that this number is at most N' x (k(f) — 1), thus arriving at a contradiction. O

Proof of Lemma(5.2l We show that each of the properties Q1 through Q3 is satisfied.
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Property Q1: From P3, we know that +Niq = 0or Zke[K] +DZ’~“ <px L If +Niq = 0, then, from
Claim[5.4] we write:

Z -‘rDZ/iJ: Z +D£€
]

ke[K] kelg—1
< Z Ik x OPT (from Claim|[5.4))
kelg—1]
<pxOPT (from the assumption on p).

If TN/ # 0, then we write:

> *DF<pxL
ke[K)
<pxOPT.

In both cases, we conclude that Zke[K] +Df-“ <px OPT.

Property Q2: Assume, by contradiction, that dem(f) > 1/¢ x OPT but f € F5. Denote by G C Fj the
set of commodities included in JFj prior to testing f. From P1 and P3, +Nik€f) = Nforall k € [g — 1], or

7Nyl'(f) = N foralll € [¢ — 1]. Assume, without loss of generality, that *Nﬁf) = Nforallk € [¢ —1].
Since commodities are tested in non-increasing order of demands, we conclude that the number of com-
modities g € G such that i(g) = i(f) and dem(g) > 1/g x OPT is at least N x (¢ — 1) + 1. However,

from Claim|[5.3] we know that this number is at most N' x (¢ — 1), thus arriving at a contradiction.

Property Q3: Denote by G C F; be the set of commodities included in F; prior to testing f, and by =
the lowest copy of I;(y) such that the number of commodities in G leaving that copy is strictly less than
N. From P2 and P3, we write:

+ ik + ik + gx—1
Yo iy =z Yo Tdiyy
ke[K] kez—2]

> Z +Df(f) + max{+Df(f), dem(f)} (from P2)
ke(2,xz—1]

- Z +Df(f)—i—max{Jer(f),dem(f)}—+Di1(f)
kez—1]

> px L, since I y) rejected f
>(p—1)x L, (from P3)

to conclude that 3 +df(f) >(p—1)x L. O

Proof of Theorem The proof of the theorem is by contradiction. By choice of pand ¢,p > >, clg—1] k.
Consequently, from Q1, we know that the congestion of the routing for Fj is at most p x OPT'. Consider
the iteration in Phase 2 when a commodity f € F3 is routed. Assume, without loss of generality, that
Iy) rejected f when it was tested in Phase 1. Denote by H the set of commodities routed in Phase 1 or
in previous iterations in Phase 2. We say that a edge I; M,,, (M,,0;) is congested if the aggregate demand
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over all commodities in H routed through I; My, (M,,0j) is greater than D := p x OPT — dem(f),
Z dem(h) > D ( Z dem(h) > D),

heH:i(h)=i(f), heH:i(h)=i(f),
and r(h)=r(f) and r(h)=r(f)

and that a path I[;M,,0; is congested if at least one of I;M,,, and M,,0; are congested. Assume, by
contradiction, that I; ) M;, O}y is congested for all m € [N].
The derivation of the contradiction makes use of the next two claims. Let C' be the number of congested
edges leaving I;(s).
Claim (i): D satisfies D > (p — 1/q) x OPT. From Q2, we write
D £ p x OPT — dem(f)
>px OPT —1/¢ x OPT
:(p—l/q)XOPT. <

Claim (ii): C satisfies C > N x (1 — p_ll/q). From the assumption that [; ) M, O y) is congested for

all m € [N], we know that if I; sy My, is not congested, then M,,O;y) is congested, and we deduce that
1
> dem(h) > (N -C) xD&C>N- - > dem(h).
heH:j(h)=j(f) heH:j(h)=j(f)
Then, from Claim (i), we write
1
C>N-45x > dem(h)
het:j(h)=j(f)

1

>N — X E dem(h)
_1 OPT

(p—1/a) X heM:j(h)=5(f)

1
p—1a

The contradiction follows from the forthcoming lower bound on the total demand over all commodities
in H leaving I;(y). From Q3 and the previous claims, we write

>N x(1- ). <

> dem(h)>CxD+(N-C)x(p—1)xL
heH:i(h)=i(f)
=NxLx(p-1)+Cx(D—-(p—1)x L)
>NXxLx(p—1)+Cx(D—-(p—1)xOPT)

>NxLx(p—1)+NxOPT x (1— 11/)(1—1/q)
b—"/q
> _ _ —1
> Z ~ dem(h) x (p—1+(1 p_l/q)(l /a))-
heH:i(h)=i(f)
By setting p = 9/5 and q = 3, we write
_ — —1/,) = 167
p 1+<1 p_l/q)(1 /q> /165
to conclude that
> dem(h)> Y dem(h). O
heMzi(h)=i(f) heMzi(h)=i(f)
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The proof of the previous theorem can be generalized to show that, if P and () are set as before, then
not only does the algorithm approximate the minimum congestion by a factor at most 9/5, but it also re-
turns a routing with congestion at most 9/5. This generalization only involves introducing the preparatory
Claim [5.5| analogous to Claim 5.3} and replacing the term O PT" with the term min{OPT, 1} everywhere
in the analysis.

Claim 5.5. For alli € [R] and all positive integers k, the number of commodities f € F such that i(f) =1
and dem(f) > 1/k is at most N x (k — 1). Similarly, for all j € |R| and all positive integers [, the number of
commodities f € F such that j(f) = j and dem(f) > 1/t is at most N x (I — 1).

Proof. From the assumption that the total demand over all commodities leaving a source is at most 1,
we know that, for all s € [N], the number of commodities f € F such that i(f) = f, s(f) = s, and
dem(f) > 1/k is at most k — 1. Therefore, the number of commodities f € F such that i(f) = f and
dem(f) > 1/kis at most N x (k — 1). O

Theorem 5.6. Fixp := 9/5 and q := 3. For every set F of commodities, ifAlgorithm sets P = p x L and
Q = q, then it returns a routing with congestion at most p X min{OPT(F), 1}.

6 Offline: Lower Bounds on Congestion and Approximation

We present lower bounds on worst-case congestion and approximation of minimum congestion rout-
ings in Clos networks by polynomial-time algorithms. In we show that there are sets of commodities
for which the congestion of a minimum congestion routing is at least 3/2, and in we show that it is
impossible for any polynomial-time algorithm to approximate a minimum congestion routing by a factor
less than 3/2 unless P = N P.

The funnel gadget. The building block of the constructions yielding the posited lower bounds is the
following set of commodities. The funnel gadget of size N, for some integer N > 2, illustrated in Figure
for N = 3, corresponds to the set of commodities in the Clos network C'y, y where for each of the NV input
switches there are N — 1 commodities with demand 1 leaving that input switch and entering each of the
first N — 1 output switches:

« There is one commodity (s, t;) with demand 1, for all i € [N]and j € [N — 1].

The key property of the funnel gadget, detailed in the next lemma, is that there is a unique routing with
congestion 1 (modulus the numbering of the middle switches), which assigns the commodities incident to
a common ToR switch to different middle switches, and does not assign a commodity to a different middle
switch at each input switch.
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Figure 8: The funnel gadget of size N = 3.
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Lemma 6.1. Consider the funnel gadget of size N. For every routing with congestion 1, the following prop-
erties hold:

(1) Foralli € [N], the N — 1 commodities leaving I; are assigned to N — 1 different middle switches, and,
forall j € [N — 1], the N commodities entering O; are assigned to N different middle switches.

(2) Foralliy,is € [N] such thatiy # iz, the middle switch to which no commodity leaving I;, is assigned
differs from the middle switch to which no commodity leaving I;, is assigned.

Proof. The first property follows from the fact that all commodities have demand 1. We show that the
second property holds. First, since the N commodities entering each of the first N—1 output switches are
assigned to IV different middle switches, we deduce that each middle switch is assigned N —1 commodities.
Second, since the N—1 commodities leaving each of the N input switches are assigned to N —1 different
middle switches, we further deduce that for each middle switch the N —1 commodities assigned to it leave
N —1 different input switches. Therefore, if there are two input switches I;, and I;,, i; # 72, and a middle
switch M,,, such that no commodity leaving I;, is assigned to M,,, and no commodity leaving I;, is assigned
to M,,, then there are at most N — 2 commodities assigned to M,,, which contradicts the existence of
N — 1 commodities assigned to M,,. O

Therefore, all routings of the funnel gadget with congestion 1 reduce to the routing described below
and illustrated in Figure [8b|for N = 3.

+ The commodity (sg, t;) is assigned to My, +1, where m = i+ j — 2 (mod N), for all ¢ € [N] and
je[N-1].

We call this routing the elemental routing for the funnel gadget.

6.1 Limits to Congestion

If all commodities have demand 1, in which case there is at most one commodity per source and per
destination, then for every set of commodities there is a routing with congestion 1. (This is a corollary of
Theorem4.1]) In contrast, the next theorem shows that if this premise is relaxed such that each commodity
has demand 1 or 1/2, in which case there are at most two commodities per source and per destination, then
there are now sets of commodities for which every routing has congestion greater than 1.

Theorem 6.2. Consider a Clos network Cy g, for N > 2 and R > N + 1. There is a set of commodities with
demands 1 or /2 for which the congestion of a minimum congestion routing is 3/2.

Proof of Theorem[6.2, We design a set of commodities in the Clos network Cy,n+1 composed of com-
modities with demand 1 or 1/2 for which every routing has congestion at least 3/2. Since increasing the
number of input and output switches from NV 4 1 to R does not change the number of source-destination
paths from the first NV 41 input switches to the first /N 41 output switches, if a set of commodities satisfies
the theorem requirements in the network Cx n1, then the same set also satisfies them in the network
Cn,r. Consequently, the conclusion follows.

Designing the set of commodities: The posited set of commodities, illustrated in Figure [9afor N =
3, is composed of three types of commodities:

+ The type 1 commodities (in blue) correspond to the funnel gadget of size V.

« Type 2 (in orange): There is one commodity (s, t][\i/ﬂ) with demand 1/2, for all i € [N].
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« Type 3 (in green): There is one commodity (s 1 tX) with demand 1.

Calculating a minimum congestion routing: We show that the congestion of a minimum conges-
tion routing is 3/2. The proof involves two steps. The first step shows that there exists a routing with
congestion 3/2. The posited minimum congestion routing is described below and illustrated in Figure
for N = 3.

+ The type 1 commodities are assigned according to the elemental routing for the funnel gadget.
« The type 2 commodity (s, t][\i/ﬂ) is assigned to M, 1, where m =i —2 (mod N), foralli € [N].
+ The type 3 commodity is assigned to M.

Every edge except for MOy is traversed by at most one commodity, and thus has congestion at most 1.
Edge MOy is traversed by both the type 2 commodity leaving I; and the type 3 commodity, and thus
has congestion 3/2. Therefore, the routing has congestion 3/2.

The second step shows that there is no routing with congestion less than 3/2. First, from Lemma we
know that every routing of the type 1 commodities with congestion less than 3/2 reduces to the elemental
routing for the funnel gadget, and thus assume that the type 1 commodities are routed according to it.
Then, we distinguish two cases, which assert that every subsequent routing of the type 2 and the type 3
commodities lead to congestion at least 3/2, thereby concluding the proof.

« Case 1: If for all ¢ € [INV] the type 2 commodity leaving I; is assigned to the middle switch to which
no type 1 commodity leaving I; is assigned to, then the N type 2 commodities are assigned to N
different middle switches (as in Figure [9b). Consequently, the type 3 commodity is assigned to the
same middle switch than some type 2 commodity, in which case the routing has congestion 3/2.

« Case 2: Otherwise, there is i € [IN] such that the type 2 commodity leaving I; is assigned to the same
middle switch than some type 1 commodity leaving /;, in which case the routing has congestion at

least 3/2. O

6.2 Limits to Approximation

If all commodities have demand 1, then for every set of commodities a routing with congestion 1 can
be found in polynomial-time. (This is again a corollary of Theorem [4.1]) In contrast, the theorem below
shows that if this premise is again relaxed such that each commodity has demand 1 or 1/2, then it becomes
impossible to distinguish in polynomial-time between a routing with congestion at most 1 and a routing
with congestion at least 3/2. Consequently, the theorem implies that it is impossible to approximate a
minimum congestion routing by a factor less than 3/2.
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Figure 9: The set of commodities underlying the proof of Theoremfor N =3and R = 4.
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Theorem 6.3. For special case of the minimum congestion routing problem in Clos networks where com-
modities have demand 1 or 1/2, the question of deciding if there is a routing with congestion at most 1 is
N P-complete.

Proof of Theorem We introduce a reduction from the 3-edge coloring problem, which is known to be
N P-complete [56]], to the question of deciding if there is a routing with congestion at most 1 for commodi-
ties whose demands are 1 or 1/2. In the 3-edge coloring problem, the input is an undirected graph whose
maximum vertex degree is 3. The question is to decide if there exists a proper edge-coloring, meaning an
assignment from edges to colors such that no two adjacent edges are assigned the same color, using at
most 3 colors.

Description of the reduction: Consider an input graph G = (V(G), E(G)) to the 3-edge coloring
problem, with vertices indexed from 1 to [V(G)|, V(G) = {v1,v2,..., vy ()}, and edges indexed from
Lto |E(G)|, E(G) = {e1,e2,...,e/pq)} For each vertex vy € V(G), let rank,, be an arbitrary ranking
of the neighbors of v, such that rank,, (v;) € {1,2,3} denotes the ranking of a neighbor v; of v;. We
construct an instance of the minimum congestion routing problem from G. The construction is illustrated
in Figure [10|for a particular input graph.

The Clos network is denoted by C 3v/()|+|E(c)|- The ToR switches are divided into |V(G)| vertex
blocks and |E(G)| edge blocks, with the &’th vertex block corresponding to input switches I3(,_1)41
through I3(;,_1);3 and output switches O3j,_1)41 through Og(;,_1)43, k € [|[V(G)]], and the m’th edge
block corresponding to input switch I3)y|,,, and output switch Oy, m € [|E(G)]].

The set of commodities is denoted by F(G), and is composed of three types of commodities:

« For each vertex v, € V(G), there is a set of vertex commodities (in blue) in the k’th vertex block
corresponding to the translation of the funnel gadget of size 3 to that block.

« For each edge e,,, = {vi,v;} € E(G), there are two edge commodities in the m’th edge block (in
black): one commodity (Sé\V(G)H—m’ té\V(G) with demand 1, and one commodity (S§|V(G)

with demand 1.

H—m) |[-+m>

2
51y (@)+m)

« For each edge ¢, = {vk, v} € E(G), there is one incident commodity from the k’th vertex block
to the m’th edge block, and one incident commodity from the I’th vertex block to the m’th edge
block (in pink): one commodity (sg( k1) ranks, (1) t§|v @) ) With demand 1/2 and one commodity

(sg(lfl)ﬂankvl (00)’ tglV(G)Hm) with demand 1/2.

The objective of the construction is to establish the following correspondence between a routing of
F(G) and an edge-coloring of G. Given a routing of F(G) with congestion 1, the routing of the incident
commodities in F(QG) yields a proper edge-coloring of G using at most 3 colors; conversely, given a proper
edge-coloring of (G using at most 3 colors, the coloring yields a routing of the incident commodities in
F(G) that can be extended to a routing of F(G) with congestion 1. The next lemma paves the way for
this correspondence by identifying the properties met by the routing of the incident commodities in a
routing of F(G) with congestion 1.

Lemma 6.4. For every routing of F(G) with congestion 1, the routing of the incident commodities satisfies
the following properties:

(P1) For every edge e, € E(QG), the two incident commodities entering the m’th edge block are assigned to
the same middle switch.

(P2) For every vertex v, € V(G), each of the incident commodities leaving the k’th vertex block is assigned
to a different middle switch.
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Figure 10: The reduction underlying the proof of Theorem|6.3 for a particular input graph. The vertex com-
modities in the 2°nd, 3°rd, and 4°th vertex blocks are not shown. The coloring of the different types of com-
modities in F(G) is unrelated to the edge coloring in G.

If there is a routing of the incident commodities in F(G) satisfying the previous properties, then there is a
routing of F(G) with congestion 1.

Proof. To show the first part, suppose that there is a routing of F(G) with congestion 1. We prove that the
first property. Since the routing assigns the two edge commodities entering the m’th edge block to two
different middle switches, we conclude that the two incident commodities are assigned to the remaining
middle switch. We now prove that the second property. From Lemma we known that the routing
does not assign a vertex commodity to a different middle switch at each input switch in the k’th vertex
block. Therefore, we conclude that the incident commodities leaving the k’th vertex block are assigned to
different middle switches.

To show the second part, suppose that there is a routing of the incident commodities in F(G) satistying
both properties. We prove that it can be extended to a routing of F(G) with congestion 1. From the first
property, the two edge commodities in the m’th edge block can be routed with congestion 1 if assigned
to the two remaining middle switches. From the second property, the vertex commodities leaving the k’th
vertex block can be routed with congestion 1 if assigned according to the elemental routing of the funnel
gadget (upon the appropriate numbering of the middle switches). The conclusion follows. O

Correctness of the reduction: We show that there is a routing of F(G) with congestion 1 if and
only if there is a proper edge-coloring of G using at most 3 colors.

(=) Suppose that there is a routing of 7 (G) with congestion 1. Consider the edge-coloring of G using
at most 3 colors obtained from the routing where, for each edge e,,, € E(G), edge e,, is assigned color ¢
if the two incident commodities entering the m’th edge block are assigned to middle switch M., for some
¢ € {1,2,3}. From the first part of Lemma since the routing of the incident commodities meets the
first property, we deduce that the posited coloring is well-defined, and, since the routing of the incident
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commodities meets the second property, we further deduce that it is proper, to conclude that there is a
proper edge-coloring of G using at most 3 colors.

(<) Suppose that there is a proper edge-coloring of G using at most 3 colors. Consider the routing of
the incident commodities in F(G) obtained from the coloring where, for each edge e,, € E(G), the two
incident commodities entering the 1m’th edge block are assigned to middle switch M. if e,, is assigned color
¢, for some ¢ € {1, 2, 3}. By construction, we deduce that the posited routing of the incident commodities
meets the first property, and, since the coloring is proper, we further deduce that it meets the second
property, to conclude from the second part of Lemmal6.4] that there is a routing of 7 (G) with congestion 1.

O]

7 Online: Lower Bounds on Congestion and Approximation

We present lower bounds on the worst-case congestion and approximation of minimum congestion
routings in Clos networks by online algorithms. An online algorithm is presented with a sequence of
commodities. A deterministic online algorithm defines a routing for every sequence of commodities that
satisfies the following property: for all prefixes P of a sequence F' of commodities, the routing for P
when the algorithm is given P equals the routing for P when the algorithm is given F'. A randomized
online algorithm defines a probability distribution over the set of all deterministic algorithms; a randomized
algorithm with a single-point distribution reduces to a deterministic algorithm.

In we show that, for any deterministic online algorithm, there is a sequence of commodities for
which, while the congestion of a minimum congestion routing is 1, the congestion of the routing returned
by the algorithm is at least 2. In we generalize the previous result from any deterministic online
to any randomized online algorithm. These results implies that it is impossible for any online algorithm,
randomized or deterministic, to approximate a minimum congestion routing by a factor less than 2.

7.1 Limits to Deterministic Online Algorithms

In this section, we assume that all commodities have demand 1, meaning that there is at most one com-
modity per source and per destination. Under this assumption, the congestion of a minimum congestion
routing is 1 for every set of commodities. In contrast, the theorem below shows no deterministic online
algorithm can avoid returning a routing with congestion at least 2 for some sequence of commodities.

Theorem 7.1. Consider a Clos network Cn g, for N > 2 and R > 3. For every deterministic online algorithm,
there is a sequence of commodities with demand 1 for which the congestion of the routing returned by the
algorithm is at least 2.

Proof of Theorem|[7.1, We design two sequences of commodities in the Clos network Cy 3 composed
of commodities with demand 1 for which every deterministic online algorithm returns a routing with
congestion at least 2 for at least one of the sequences. As in the proof of Theorem if a sequence of
commodities satisfies the theorem requirements in the network Cy 3, then the same sequence satisfies
them in the network Cy g.

Designing the sequences of commodities. The posited sequences are denoted by X = (X3, X3)
andY = (Y1, Y>), and are illustrated in Figure[11]for N = 4 and R = 3. Each of the sequences consists of
one subsequence followed by another, with the sequences agreeing on the prefix, X1 = Y7, and disagreeing
on suffix, X2 # Ys. The arrival order among the commodities within a subsequence is arbitrary, and each
commodity is identified by its input-output switch pair (with each commodity incident to a common ToR
switch incident to a different server of that switch).
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(c) A minimum congestion routing for X. (d) A minimum congestion routing forY.

Figure 11: The sequences of commodities underlying Yheoremfor N =4.

« Subsequence X consists of N/2 commodities (/1, O1) (in orange), and N/2 commodities (12, O2)
(in green).

« Subsequence X3 consists of V/2 commodities (I, O2) (in blue).

« Subsequence Y3 consists of N/2 commodities (I3, O1) (in pink) and N/2 commodities (I3, O2) (in
black).

The key property of sequences X and Y, detailed in the next lemma, is that, although X; = Y7, for any
edge-disjoint routing of X and any edge-disjoint routing of Y, the routing of X in the former differs from
the routing of X in the latter. Consequently, if the prefix of a given sequence is X; and the suffix is either
X5 or Ys, then any deterministic online algorithm must choose between one of the previous routings of
X1 without knowing in advance whether X; will be followed by X5 or by Ys, such that the algorithm fails
to returns a edge-disjoint routing for at least one of X and Y, as formalized in the final proof step.

Lemma 7.2. Let M be the set of all middle switches in the Clos network, M = {M; |i € [N]}. For every
edge-disjoint routing of sequence X, it holds that:

(P1) Each of the N/2 commodities (11, O1) is assigned to a different middle switch from a set N of N/2 middle
switches; likewise, each of the N/2 commodities (12, O2) is assigned to a different middle switch from
the same set N

For every edge-disjoint routing of sequence Y, it holds that:
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(P2) Each of the N/2 commodities (I1, O1) is assigned to a different middle switch from a set N of N/2 middle
switches; oppositely, each of the N/2 commodities (I3, O2) is assigned to a different middle switch from
the set M\ N.

Therefore, no routing of X can satisfy both properties.

Proof. To show the first statement, consider an arbitrary edge-disjoint routing of X. Since the N commodi-
ties leaving I; are spread over all N middle switches, a middle switch is assigned a commodity (11, O1)
precisely when it is not assigned a commodity (/;, O2); similarly, since the N commodities entering O,
are spread over all N middle switches, a middle switch is assigned a commodity (/2, O2) precisely when
it is not assigned a commodity (I, O2). Therefore, each of the N/2 middle switches to which a commodity
(I1,0q) is assigned is also assigned a commodity (I3, O2), thus proving the first statement.

To show the second statement, consider now an arbitrary edge-disjoint routing of Y. Following the
same argument as above, a middle switch is assigned a commodity (11, O;) precisely when it is not assigned
a commodity (/3,01), and a middle switch is assigned a commodity (I3, O2) precisely when it is not
assigned a commodity (I3, O1); consequently, a middle switch is assigned a commodity (1, O;) precisely
when it is assigned a commodity (I3, O2). Since a middle switch is assigned a commodity (I3, O2) precisely
when when it is not assigned a commodity (12, O2), each of the N/2 middle switches to which a commodity
(I1,01) is not assigned assigned a commodity (I3, O3), thus proving the second statement. O

Calculating the congestion of a deterministic algorithm. Consider an arbitrary deterministic
online algorithm. We show that the algorithm fails to return a edge-disjoint routing for at least one of X
and Y, to conclude that it returns a routing with congestion at least 2 for at least one of them. Let r be
the routing returned by the algorithm for prefix X;. We distinguish two cases, depending on whether r
satisfies property P1 in Lemma(7.2}

# Case 1: Suppose that r satisfies property P1, in which case r does not satisfy property P2. Then, we
deduce that the algorithm returns a routing for Y that does not property P2, which means that the
routing for Y is not edge-disjoint.

# Case 2: Suppose that r does not satisfy property P1. Then, we deduce that the algorithm returns a
routing for X that does not satisfy property P1, which means that the routing for X is not edge-
disjoint. O

7.2 Limits to Randomized Online Algorithms

The previous theorem does not preclude the possibility that a randomized online algorithm can avoid
with non-negligible probability returning a routing with congestion greater than 2 for every sequence of
commodities. The next theorem refutes this possibility.

Theorem 7.3. Consider a Clos network Cn g, for N > 2 and R > 3. For every randomized online algorithm,
there is a sequence of commodities with demand 1 for which the expected congestion of the routing returned
by the algorithm is at least 2 — 1/25, where S = | R/3].

Proof of Theorem|[7.3] The proof of the theorem makes use of Yao’s Minimax Principle, which is recalled
below in the context of the minimum congestion routing problem in Clos networks. Let .7 be the set
of all sequences of commodities, and 27 be the set of all deterministic algorithms. Given a probability
distribution p over .’ and a probability distribution g over &7, denote by S, the random sequence drawn
from p, and by A, the randomized algorithm drawn from g. We write E[A,(S)] for the expected congestion
of A, for a sequence S, and E[A(S,)] for the expected congestion of a deterministic algorithm A for S,,.
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Lemma 7.4 (Yao’s Minimax Principle [48,49]]). For every randomized algorithm A, and every random se-
quence Sp, there is a sequence S of commodities for which the expected congestion of A, for S is at least the
expected congestion of the optimal deterministic algorithm for S,:
max F[A,(S)] > min E[A(S,)].
tmax F[A,(S)] = min BA(S,)]
Therefore, we design a random sequence based on the sequences X and Y introduced earlier for which
the expected congestion of an optimal deterministic algorithm for that random sequence is at least 2—1/25.

Designing the random sequence of commodities. The posited random sequence is denoted by
S, and is drawn from the uniform distribution p over the following set of 2% sequences. The set of 2°
sequences is denoted by { S; |i € [2°]}, with S; := (SZJ | j € [S]). Consider that the ToR switches are
divided into S blocks, with the j’th block designating input switches I3(;_1); through I3;_;),3 and
output switches Og(;_1)41 through O3(;_1);3,j € [S]. Denote by X; and Y}, respectively, the translation
of X and Y to the j’th block. Each of the 25 sequences S; is composed of S subsequences, with each of
the subsequences S¢ equal to X or Y;. The arrival order among the subsequences within a sequence is
arbitrary. Let < b;(i) | j € [S] > be the binary representation of an integer i € [0,2°—1].

« Ifb;j(i — 1) = 0, then &7 = Xj; otherwise, S/ = Yj, for all i € [25] and j € [S].

The key property of the set { S; |i € [2°]}, detailed in the next lemma, is that no online deterministic
algorithm can return a edge-disjoint routing for more than one sequence in the set. Consequently, every
deterministic online algorithm returns a routing with congestion at least 2 for at least 2°—1 of the 2°
sequences, as formalized in the final proof step.

Lemma 7.5. Every deterministic online algorithm returns a edge-disjoint routing for at most one sequence in

the set {S; |i € [2°]}.

Proof. We show that for every pair of sequences in the set {S; | i € [2°]} no deterministic online algorithm
can return a edge-disjoint routing for both sequences. Consider an arbitrary deterministic online algorithm
and two sequences S;,, S, € {S;|i € [2°]} such that S;, # S;,, meaning that Sijl # S} for some j € [S].
From Lemma the algorithm cannot return a edge-disjoint routing for both Sijl and Sij2, implying that
it cannot return a edge-disjoint routing for both S;, and S;,. O

Calculating the expected congestion of a deterministic algorithm. Consider an arbitrary deter-
ministic online algorithm A. From Lemma|7.5 we write

1

2—S)><2

EIAS))] > 55 x 1+ (1 -

1

=2- g,

to deduce that the expected congestion of an optimal deterministic algorithm for S, is at least 2—1/25.
Consequently, from Yao’s Minimax Principle, we conclude that for every randomized algorithm there is a
sequence of commodities for which the expected congestion is at least 2—1/25. O

Corollary 7.6. Consider a Clos network Cn g, for N > 2 and R > 3. For every ¢ < 2 — 1/25, where
S = [R/3], there is no c-approximation randomized online algorithm for the minimum congestion routing
problem in Clos networks.

It not hard to show that, if every commodity has demand 1, then the Unsorted-Greedy algorithm returns
a routing with congestion at most 2, and thus approximates a minimum congestion routing by a factor of
2. Hence, in this special case, the lower bound of Corollary|7.6|is tight.
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8 Conclusion

At the heart of the operation of data-centers is solving a minimum congestion routing problem of
unsplittable flows. We investigated this problem in Clos networks, the family of graphs underlying most
data-centers, and established that the worst-case congestion of a minimum congestion routing and its
approximation-factor by a polynomial-time algorithm are between 3/2 and 9/5, thus showing that Clos
networks fail to closely emulate a macro-switch. The key idea for the lower bounds was the introduction
of a set of flows called a funnel gadget, whereas that for the upper bounds was the design of a new routing
algorithm that interpolates between two known heuristics. We leave open the question of closing this gap.
While the analysis of our new algorithm can be improved, arriving at the 3/2 factor, which we believe is
the tight factor, should require new techniques. We further proved that the worst-case congestion of a
minimum congestion routing and its approximation-factor by an online algorithm are between 2 and 3,
deferring the problem of narrowing this gap to future work.

The main takeaway from these results is that, if Clos networks wish to emulate a macro-switch, then
routing must be coupled with additional degrees of freedom. We point two such degrees available at the
technological forefront of data-centers, and put forward the question of investigating if they allow worst-
case congestion close to 1. First, most applications are hosted in virtual machines, and cloud providers can
choose in which servers to place each virtual machine [37-39,57]]. Accordingly, an idea is to jointly assign
these virtual machines to servers and route the flows between them. Second, while arbitrary flow splitting
is unrealistic, several proposals already support a limited degree of splittability [32}/58]]. Therefore, another
idea is to jointly route flows and divide their demands over a small number of paths.

While our investigation was premised on Clos networks with five layers, hyper-scale data-center of-
ten built their data-center networks after Clos networks with seven or more layers. It is easy to see that
the lower bounds of 3/2 on the minimum congestion and its approximation-factor by a polynomial-time
algorithm carry over to Clos with an arbitrary number of stages, whereas the upper bounds yield by our
new algorithm do not. More interestingly, it is not obvious how to raise these lower bounds away from
3/2, which motivates the following open question: is the minimum congestion in Clos network with arbi-
trary number of layers and its approximation factor by a polynomial time algorithm is at most a constant
(independent of the number of layers)?

A The Generalized Melen-Turner Algorithm

We show that the generalization of the Melen-Turner algorithm to Clos networks with an arbitrary
number of layers yields a routing with congestion at most logarithmic in the number of layers (up to
constant factors) while approximating the minimum congestion by that same factor. In Section we
review the construction of a Clos network with an arbitrary number of layers. In Section[A.2] we present
the natural generalization of the Melen-Turner algorithm to a Clos network with an arbitrary number of
layers, and, in Section[A.3]| we analyze the algorithm to show the posited result.

A.1 Clos Networks with an Arbitrary Number of Layers

The construction of a Clos network can be generalized to an arbitrary number of layers. A Clos network
with 2K + 3 layers, for some positive integer K, is called a K-Clos network, and is defined below. The
main body of this paper investigates the minimum congestion problem in 1-Clos networks. The key idea
is that, whereas in a 1-Clos network the R input switches are connected to the R output switches via NV
middle switches, in a K-Clos network the R input switches are connected to the R output switches via
N parallel (K —1)-Clos networks with B/~ input and output switches. In other words, a K-Clos network
corresponds to a 1-Clos network where each middle switch is replaced by a (K —1)-Clos network.
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The Clos network C’i,Q, whose input (b) The Clos network CZ ,, whose input and output switches are

and output switches are linked by 2 middle linked by 2 parallel Clos networks C i72
switches.

Figure 12: A 5-layer and a 7-layer Clos network. The colored boxes in the 7-stage Clos network represent
the middle switches that the underlying 5-stage Clos networks seek to emulate.

Definition A.1 ( ) A K -Clos network C¥ 1, is parameterized by positive integers K, N, and R, where
R is a multiple of N, and designates the directed graph with the following vertex and edge sets (see Figure.

« Vertex set. The vertices V are partitioned into 2K + 3 layers V; through Vog 3. In V7 (respectively

Vok +3) there are N x R vertices, and each vertex is a source (destination) and is denoted by sﬁ (tfl1 ,
where j1 € [N] and iy € [R]. Forallk € [2,K + 1], in Vj (respectively Vo 4_1) there are R
vertices, and each vertex is called an input (output) switch and is denoted by I Zj""’j k (Og:""’j *), where
g1 € [N'72),1 € [2,k], and iy € [R/Nk-2]. In Vi 1o, there are R/NX—1 vertices, and each vertex is called

a middle switch and is denoted by M?* "+ where j; € [N'2],1 € [2, K + 1], and i 4o € [N].

1K 42

« Edge set. The edges E are from V; to Vi1 foralli € [2K + 2|. For all sources szll € Vi, there is an edge
sl I}, and, for all destinations t! € Vag 3, there is an edge O} tI*. For all k € [2, K, for all input

11 741° 11791 "

. J25-5Jk J25-sJk+1 . J2eesJk 725 k41 s k-1 —
switches I; € Vj and Iik+1 € Vit, thereis an edge I Iik+1 if i, (mod R/Nk-1) =

ik+1, and, for all output switches Olj-;;r"l"““ € Vogis_k and Ofi""’ﬁk € Vox 14—, there is an edge
Olj-lj;'l”]k“Og;”“’]k if iy, (mod B/N*=1) = i)y 1. There are complete bipartite graphs between Vi1 and
Vi 12 and between Vi 1o and Vi y3: for all I%'J;:;MH € Vi1 and MZ-J;’J'F';JK“ € Vi .o, there is an

J250 I K41 3 1325 5J K+1 9250 J K41 J25 I K41 ;
edge IiK+1 M > and for all M; " € Vky2 and O; 17 € Vi 43, there is an edge

J25e s J K41 J25 I K +1
MiK+2 OiK+1

Given a Clos network C’f\% - the sub-network C72--Jk designates the sub-graph of Cf\% r induced by

the set of all vertices in Vj, through Vo 41 whose superscript is prefixed with jo, ..., ji. In particular,
the sub-networks C72+73 are called direct sub-networks. In the context of the minimum congestion problem,
a routing r for a set F of commodities is now an assignment from each flow in the set to a sequence

28



consisting of K — 1 sub-networks C72-93 (92:33:04 / (J2:J3:4:--IK+1 with common prefix followed by a
middle switch Mip’j‘?”“""’”“.
K42

A.2 Designing the Algorithm

The Melen-Turner algorithm can be generalized from 1-Clos to K-Clos networks. The idea is to use
recursion: first, the Melen-Turner algorithm (from 1-Clos networks) is applied to the input commodities
in the K-Clos network to divide the commodities over its direct sub-networks; then, the algorithm recurs
on the commodities in each of the direct sub-networks.

The algorithm, called the Generalized Melen-Turner Algorithm, is detailed in Algorithm [2| The input
is a set F of commodities in a Clos network C]I\? p»> and the output is a routing r for these commodities.
First, interpreting the network C']I\%  as the network lev, r such that the i-th direct sub-network of C]I\% R
corresponds to the ¢-th middle switch of C][\{ p» the algorithm applies the Melen-Turner algorithm (from 1-
Clos networks) to F in C JI\Z<, - The routing of each commodity is updated by adding the direct sub-network
of C]I\%  that the Melen-Turner algorithm assigns that commodity to. Second, if K = 1, then the algorithm
terminates. Otherwise, the algorithm calls the recursion on each of the direct sub-networks of C]I\% - For
all i € [N], the set F* of commodities that form the input to C'* corresponds to the set of commodities
that the Melen-Turner algorithm assigned to C'1, with their input and output switches mapped from C ]I\? R

to C1: the commodities leaving input switch I ]1 in C]I\f r leave input switch Ijl ( in C, and those

mod R/N)

entering output switch Ojl- inC ]I\{  enter output switch O;’Emo d B/N) in C1,

Algorithm 2 The generalized Melen-Turner algorithm for approximating a minimum congestion routing
for a set F' of flows in a Clos network C% .. In the initial call of the algorithm, the routing r corresponds
to a empty assignment for each commodity.

1: function GENERALIZEDMELENTURNER(F, C]I\f rT)

2. m = MELENTURNER(F', O} 1)

3: for fin F' do

s r(f)=r(f)om(f)

5 end for

6: if K =1 then

7: returnr

8: else

9: for i € [N] do 4

10: Fhi= {(Iil(’;) (mod R/N),Ojl.ilf) (mod R/N)> | f E F such that m(f) = C1¢}
11: return GENERALIZEDMELENTURNER(F?, C1 )
12: end for

13 end if

14: end function

A.3 Analyzing the Algorithm

The next proposition shows that the generalization of the Melen-Turner algorithm to K -Clos networks
approximates the minimum congestion by a factor of O(log K).

Proposition A.2. For every set F of commodities in a Clos network Cﬁ R Algorithm@ returns a routing
with congestion at most O(log K') x OPT, where OPT denotes the minimum congestion.

29



Proof of Proposition[A.2 The proof considers separately heavy and light commodities. We say that a
commodity is heavy if its demand is greater than 1/2x x OPT, and that it is light otherwise. In Lemmal[A.4]
we prove that the congestion over all heavy commodities is at most logarithmic in the number of stages;
this lemma is supported by Claim which shows that the heavy commodities incident at each switch
satisfy a particular structure. In Lemma we prove that the congestion over all light commodities is
at most 2 x OPT]; this lemma is supported by Claim which shows that, for every sub-network, the
demand over light commodities is almost uniformly distributed over all its own sub-networks.

Since the statements and the proofs of the forthcoming claims and lemmas are analogous for both
input and output switches, we present them only for input switches.

Claim A.3. Fix a positive integer p. For every k € [2, K + 1|, the number of commodities traversing a switch

IZJ;J’“ with demand at least 1/p x OPT is at mostp X N.

Proof. The proof is by induction on k.

« Base case: k = 2. We show by contradiction that the statement holds for all switches I 212 in stage 2.
Assume that the number of commodities traversing 11-12 is at least p x N 4 1. Then, for every routing
of the commodities, there is a edge leaving Ii12 traversed by at least p + 1 commodities. Since the
demand of each commodity is at least 1/p x OPT, we deduce that the congestion of that edge is at
least (1 + 1/p) x OPT, thus arriving at a contradiction.

+ Inductive step: 2 < k < K + 1. We assume that the statement holds for all switches I ijlil] *1in

stage k — 1, and show that it also holds for all switches I fjj * in stage k. Consider the execution of
the Melen-Turner algorithm in the sub-network C72-Jk=1_ The algorithm creates multiple copies of
each switch I 51371 k=1 in stage k — 1. Since from the induction hypothesis there are at most p x N

Ii27---7ik—1
Jk—1

at least 1/p x OPT are restricted to the first p copies of I f}ilj k=1 Furthermore, the fact that the

commodities with demand at least 1/p x OPT traversing , the commodities with demand

Melen-Turner algorithm assigns each commodity traversing a copy of I f,j,] ¥~ to a different edge
implies that there are at most p commodities with demand at least 1/p x O PT routed on a common
edge from stage k — 1 to stage k. Therefore, because there are N switches in stage k — 1 linking to

each switch I fjj * in stage k, the conclusion follows. O

Lemma A.4. The congestion restricted to heavy commodities is at most O(log K) x OPT.

.Jk]j?r“dk+l
il
O(log K). Consider the execution of the Melen-Turner algorithm in the sub-network C72>7k. We make

use of two immediate consequences of Claim First, the number of copies of I f:""’j * created by the

Proof. We show that the congestion restricted to heavy flows on any edge IZ;’ is at most

algorithm is at most 2K. Second, the demand of each commodity assigned to the [-th copy of Igf’""]’“
is at most 1/1 x OPT for all | € [2K]. Therefore, since there is at most one commodity from each copy
routed on edge Izjj]’“lfljﬂjk“ the congestion on that edge is at most 3 ;o5 1/t x OPT, which is

O(log K) x OPT. O

Claim A.5. Fix a real ¢ such that 0 < ¢ < 1. Forallk € [2, K + 1], the difference between the maximum
and the minimum congestion restricted to commodities with demand less than c over all edges leaving a switch
I}V 9% is at most 2c.

Proof. Consider the execution of the Melen-Turner algorithm in the sub-network CJ2Jk Let 21 be the
highest indexed of copy of I f:j * containing a commodity with demand less than ¢, and 3 be the number
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of copies of I ijl Ik Denote respectively by * D; and T d; the demands of the heaviest and the lightest com-
modity contained in the [-th copy of I fjj *. First, we respectively upper and lower bound the maximum
and the minimum congestion restricted to commodities with demand less than c over all edges leaving

max _¢([7> Wk [l ity < g *tD; and

c N Tk T+1
Jr+1€[N] P
min C(IJQ’ ’J’“I.Jl”"’”““) > g Td;
]k-’—lE[N} Tk Tk+1
ZE[Z‘1+1,Z‘2}

(where ig 1 = i (mod RB/N*-1)). In the x;-th copy, the number of commodities with demand less than ¢
may be strictly less than NNV, such that the difference between the maximum and the minimum number of
commodities routed on some edge leaving I;Z""’i’“ is at most 2.

Then, since commodities are assigned to copies in decreasing order of demands, we write

7]1@[]21 7]k+1)_ min C(IJQ’ 7]1@[]27 7]k+1 S 2 : +Dl_ 2 : +dl

max c(I”’

c[N Th41 c[N T+1
]k+l [ } Jk+1 [ ] lE[Il,xQ] l€[m1+1,mz]
< ) "Di— ), ‘D
lE[xl,xQ] lE[x1+2,x2]
= +D$1 + +Dx1+1
< 2c
to arrive at the desired conclusion. O

The proof of the next lemma makes use of the following lower bound on the minimum congestion:

OPT > 1N > d(k)
fe€Fuia(k) (mod R/N'—2)=j,

foralll € [2, K + 1] and i; € [R/N'-2]. In words, the congestion of an edge leaving a switch 1]2’ Ik in a
minimum congestion routing with unsplittable flow is at least the congestion of that edge in a mlnlmum
congestion routing with splittable flow, which corresponds to the average demand over all commodities
such that there is a path from its source to its destination containing that edge.

Lemma A.6. The congestion restricted to light commodities is at most 2 x OPT.

Proof. We show that the congestion restricted to light commodities on any edge I;’ 72,000k Izjf; WIE g at
most 2 x OPT. First, we write the next inequalities:
(L) <yn Y d(k) + YK x OPT
feFia(k)=io
for all i € [R] such that i3 (mod &/N*-2) = 4}, (where i3 = i3 (mod £/N)), and
(I Iy <y YT eI )+ 1k x OPT

i1 €[R/NF3]:
i—1 (mod R/N1=2)=4

foralll € [2, k] and i; € [R/N'~2] such that i; (mod B/N*~2) = i;.. In words, the congestion on edge I} '3

i9Ttig
is at most the average demand over all commodities entering switch I} , plus 1/k x OPT, and, similarly, the
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Ij27-~~,jz+1
L+1

I Z-jlz"“’jl plus 1/ x OPT. These inequalities follow from Claim together with the fact that the total
demand entering a switch equals the total demand leaving that switch.
Second, we apply the previous inequalities in succession,

congestion on an edge [ ijf""’J ! is at most the average congestion over all edges entering switch

G205k TI250 5T k41 J255Jk—1 77250k
(I, TEN ) <N Z o(L; I ) + 1Yk xOPT
ikfle[R/Nkfs}:
T—1 (mod R/Nk_z)Zik

< 1/NE-1 > c(ILI®) + =1/ x OPT
2€[R):
iz (mod B/NF~1)=ij iy
< 1/NE > d(f) + kxxOPT
fEF:
ZQ(]C) (HlOd R/Nkil):’b‘kﬁ_l
<2x OPT
to conclude that C(If;:""’jkfg:ﬂ’jk“) <2x OPT. O
The proof of the proposition is immediate from Lemmas[A.4and[A.¢] O

Similarly to the proof of Theorem 5.1|concerning the approximation guarantees of our new algorithm,
the proof of the previous theorem can also be generalized to show that the algorithm not only approximates
the minimum congestion by a factor of O(log K), but also returns a routing with congestion at most
O(log K). This generalization requires only the adaptation of the base case of the proof of Claim[A.3] and
the replacement of the term O PT with min{1, OPT'} everywhere in the proof.

Proposition A.7. For every set F of commodities in a Clos network C]{? R Algorithm@ returns a routing
with congestion at most O(log K') x min{OPT, 1}, where OPT denotes the minimum congestion.
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